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Abstract 

A novel technique for construction of minimum storage regenerating (MSR) codes is pre¬ 
sented. Based on this technique, three explicit constructions of MSR codes are given. The first 
two constructions provide access-optimal MSR codes, with two and three parities, respectively, 
which attain the sub-packetization bound for access-optimal codes. The third construction pro¬ 
vides longer MSR codes with three parities, which are not access-optimal, and do not necessarily 
attain the sub-packetization bound. 

In addition to a minimum storage in a node, all three constructions allow the entire data to 
be recovered from a minimal number of storage nodes. That is, given storage i in each node, 
the entire stored data can be recovered from any 21 og 2 ^ for 2 parity nodes, and either 31og3£ 
or 41og3l' for 3 parity nodes. Second, in the first two constructions, a helper node accesses the 
minimum number of its symbols for repair of a failed node (access-optimality). The generator 
matrix of these codes is based on perfect matchings of complete graphs and hypergraphs, and 
on a rational canonical form of matrices. The goal of this paper is to provide a construction 
of such optimal codes over the smallest possible finite fields. For two parities, the field size is 
reduced by a factor of two for access-optimal codes compared to previous constructions. For 
three parities, in the first construction the field size is 6 log 3 £ -|- 1 (or 3 log 3 1^ \ for fields with 
characteristic 2), and in the second construction the field size is larger, yet linear in log 3 i. Both 
constructions with 3 parities provide a significant improvement over existing previous works, 
since only non-explicit constructions with exponential field size (in log 3 €) were known so far. 


1 Introduction 

Regenerating codes are a family of erasure codes proposed by Dimakis et al. to store data in dis¬ 
tributed storage systems (DSSs) in order to reduce the amount of data {repair bandwidth) downloaded 
during a repair of a failed node. An (n, k, i, d, f3, B)q regenerating code C, for fc < d < n — 1, < £, 

is used to store a file of size S in a DSS across a network of n nodes, where each node of the system 
stores ^ symbols from Fg, a hnite held with q elements, such that the stored hie can be recovered by 
downloading the data from any set of k nodes. When a single node fails, a newcomer node which 
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The work of Netanel Raviv was supported in part by the IBM fellowship. It is a part of his Ph.D. thesis performed at 
the Technion. 

The work of Natalia Silberstein was supported in part by the Fine fellowship. 

The authors are with the Department of Computer Science, Technion, Haifa 32000, Israel, 
e-mail: {netanel,natalys,etzion}@cs.technion.ac.il. 
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substitutes the failed node, contacts any set of d nodes, called helper nodes, and downloads fd symbols 
from each helper node to reconstruct the data stored in the failed node. This process is called a node 
repair process and the parameter d is called the repair degree. There are two general methods of 
node repairs: functional repair and exact repair. Functional repair ensures that when a node repair 
process is completed, the system is equivalent to the original one, i.e., the stored hie can be recovered 
from any k nodes. However, the newcomer node may contain a different data from what was stored 
in the failed node. Exact repair requires that the newcomer node will store exactly the same data 
as was stored in the failed node. Usually, exact repair is required for systematic nodes (nodes that 
contain the actual data), while the parity nodes can be functionally repaired. 

Based on a min-cut analysis of the information how graph which represents a DSS, Dimakis et 
al. 0 presented an upper bound on the size of a hie that can be stored using a regenerating code 
under functional repairs, 

k 

B < ^ min{((i — i + l)/3, i}. 

i=l 

Given the values of B, n, k, d, this bound provides a tradeoh between the number i of stored symbols 
in a node and the repair bandwidth fdd. The extremal point on this tradeoh, where i is minimized 
is referred to as minimum storage regenerating (MS!^ point, and a code that attains it, namely, a 
minimum storage regenerating (MSR) code satishes 


(£, M) 


(B Bd \ 
\ k ’ k{d — k + 1)) 


( 1 ) 


The other extremal point, where |3^ is minimized is referred to as minimum bandwidth regenerating 
(MBR) point, and a code that attains it, namely, a minimum bandwidth regenerating (MBR) code 
satishes 


{i, fdd) 


2Bd 


2Bd 


2kd - k‘^ + k'2kd - k'^ + k 


Constructions of MBR codes which support exact repair can be found for exam ple in 


11, 

12, 

13 

, 

14 

15, 

16 


and references therein. Note that MSR codes are in particular MDS array codes [2|, [3|. 

In this paper we focus on exact MSR codes which provide minimum repair bandwidth of systematic 
nodes and have additional properties listed below. 


1. Maximum repair degree d = n — 1: this enables to minimize the repair bandwidth among 
all MSR codes. Such MSR codes satisfy {i,l3d) = 01- 


2. High rate in particular the number of parity nodes r = n — k is r = 2 or r = 3 


see 


e.g. [id, lid, lid] for previously known constructions of such MSR codes). 


3. Optimal access: the number of symbols accessed in a helper node is minimal and equals to the 
number fd of symbols transmitted during node repair. (See AH for bounds and constructions 
of access-optimal codes.) 


4. Optimal sub-packetization factor: for an {n,k,i,d, [d,B)q regenerating code, the number 
of stored symbols £ in a node is also called the sub-packetization factor of the code. Low-rate 


'k <r 1 

n — 21 


I.e 


.. - > MSR codes with d = n — 1. where £ is linear in r were constructed in 11 

’ n — 2 / ’ I-1 I-1 i -' 


However, in the known high-rate (- > |) MSR codes £ is exponential in k id, lid] • Moreover, 
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it was proved in jl7| that for an access-optimal code, given a fixed sub-packetization factor ^ 
and r parity nodes, the largest number k of systematic nodes is 


k = r log^ 

k 

i.e., the required sub-packetization factor £ is r“. 


( 2 ) 


5. Small finite field: construction of access-optimal MSR codes with r = 2 and optimal sub¬ 


packetization 2 2 over a hnite held of size 1-1-2 log 2 i is presented in [1^ . More precisely. 


this construction provides a code with a larger number k' = 3 log 2 i of systematic nodes out 
of which k = 2 log 2 i have the optimal access property. Hence the shortened code with k 
systematic nodes is an access-optimal code. For general r, codes with sub-packetization factor 
£ = r™ and k = rm, over Fg, where q > k2'-^r'^-^ -|- 1 were presented in [l^ and codes for 
any q > were presented in [l|. In addition, a construction for r = 2 which achieves 

k = 2 log 2 i and requires q > log 2 £ -f 1 is presented in . This construction requires q to be 
even, and while it does not provide the optimal access property, it provides a different property 
called optimal updat^ 


We propose a construction of access-optimal MSR codes with optimal sub-packetization factor 
£ = r™', k = rm, for r = 2 and r = 3, over any hnite held such that q> m + 1 and q > 6m -|- 1, 
respectively. Moreover, for r = 3, if g is a power of 2 then the held size can be reduced to g > 3m-|-1. 
In addition, we present a construction of a longer code which is not access-optimal, with r = 3, 
k = 4m, and g = 0(m). 

The comparison of the results presented in this paper with some previously known MSR codes 
can be found in the following tables. 



C (Theorem [2]) 

la 

[15] (long MDS code) 

IIJ 

[16] (zigzag code) 

1 

2m 

2™ 

2m 

2m 

2m 

k 

2m 

2m 

3m 

2m 

m + 1 

access 

optimality 

/ 

for m nodes 

for 2m nodes 

/ 

/ 

held size g 

m -|- 1 

even m -|- 1 

2m -|- 1 

2m -|- 1 

3 


Table 1: Comparison of our codes with some previously known MSR codes with two parities. 



Cl 

(Theorem [3]) 

C2 

(Theorem [5]) 

[1^ 

(long MDS code) 

py 

(zigzag code) 

1 

3m 

3m 

3m 

3m 

3m 

k 

3m 

4m 

4m 

3m 

m -|- 1 

access 

optimality 

/ 

for 3m nodes 

for 3m nodes 

/ 

/ 

held size g 

even 3m -|- 1; 
odd 6m -|- 1 

0(m) 

m23m+i ^ ^ 

^ 3 m+ 3 ^ gm+l 

4 


Table 2: Comparison of our codes with some previously known MSR codes with three parities. 


^DSS codes which satisfy the property that any change in the original data requires minimal updates at the storage 
nodes are called optimal update codes. 
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1.1 Organization 

The construction for r = 2 is given in Section 0] and for r = 3 in Section [5l Additional construction 
for r = 3, which does not have the access-optimal property, is given is Section |6l Section |2] and 
Section |3] present the techniques and underlying ideas used in Sections 01 [5l and [6l Subsection 12.11 
contains some necessary mathematical background, Subsection 12.21 describes the underlying algebraic 
problem, and Section 0] explains the outline for all constructions. 

2 Preliminaries 

2.1 Algebra of Matrices - Background and Notations 

The constructions in Section 0] and Section 0] extensively use several standard linear-algebraic notions. 
For the sake of completeness, we include below a short introduction about these necessary notions. 
Some of the given background is not directly used in the constructions, but may assist the reader 
with understanding our techniques, and their underlying reasoning. 

For a prime power g, F* is the set \ {0}, F^ is a vector space of dimension ^ over ¥g, which 
consists of vectors of length i, and F^^^ is the set of all £ x £ matrices with entries in Fg. It is widely 
known that a matrix M G F^^^ admits eigenvectors and eigenvalues j^. Section VII.7]. If 

n G Fg and vM = Xv for some A G Fg, then v is called a (left) eigenvector for the eigenvalue A. The 
linear span of all eigenvectors for a certain eigenvalue A is a subspace of Fg, and it is called a (left) 
eigenspace of M. 

For a subspace S of F^, let SM = {sM | s G S'}. The set SM is obviously a subspace of F^, and 
if M is invertible then dim S' = dim(S'M). A subspace S which satisfies SM = S is called a (left) 
invariant subspace of M j§. Section XI.4] (in short, S is M invariant). Clearly, an eigenspace of M 
is also an invariant subspace of M, but not necessarily vice versa. 

For a polynomial p{x) G Fg[a;] such that p{x) = p{M) = Y^f^^PiMX The charac¬ 

teristic polynomial c{x) of M is the determinant oi M — xl [9|, Section IX.5], where I is the i x i 
identity matrix, i.e. c(M) = 0. Furthermore, there exists a unique monic polynomial m{x) G Fg[a:], 
of minimum degree, such that m{M) = 0. The polynomial m{x), called the minimal polynomial 
of M, divides the characteristic polynomial c{x) of M, and its roots are the eigenvalues of M. 

If F G Fg^^ is an invertible matrix, then the matrices P~^MP and M are called similar matrices, 
and the matrix P is called a change matrix, (or a change-of-basis matrix) [§, Section VII.7]. It is 
easily verified that if Cq, ..., e£_i is the standard basis of F^, and Po, ■ ■ ■ iPe-i are the rows of F, then 
P~^MP acts on po,... ,pe-i exactly as M acts on cq, ..., e^-i. That is, if 

( 1.-1 \ e.-i 

M = SiCi (3) 

i=0 / i=0 

for some coefficients (/Xi)i=o then 

( i-l \ £-1 

i=0 J i=0 

As a result of this fact, we have that similar matrices share the same eigenvalues, but not necessarily 
the same eigenvectors. In addition, similar matrices also share the same minimal polynomial |9|, 
Section IX.7]. 

^Unless otherwise stated, all multiplications of a vector u by a matrix M in this paper are from the left, i.e., vM. 


4 







Determining matrix similarity is possible by converting given matrices to one of several canonical 
forms. One such canonical form, which does not always exist, is the diagonal form. If a matrix 
M is similar to a diagonal matrix then M is called a diagonalizable matrix. It is well known that 
M is diagonalizable if and only if there exists a basis of in which all vectors are eigenvectors 
of M j^. Section VII.8, Theorem 19], and two matrices with the same diagonal form are similar. 
Two diagonalizable matrices A and B are called simultaneously diagonalizable if there exists an 
invertible matrix P such that P~^AP and P~^BP are diagonal matrices. Equivalently, A and B 
are simultaneously diagonalizable if there exists a basis of whose vectors are eigenvectors of A 
and of B. Since diagonal matrices commute, it is easy to prove that simultaneously diagonalizable 
matrices commute as well. 

Determining matrix similarity for matrices which are not necessarily diagonalizable is a corollary 
of the so-called decomposition theorem j^. Section XI.4, Theorem 8], one of the profoundest results 
in linear algebra. In order to state this theorem, we require the notions of a block diagonal matrix 
and a companion matrix. A block diagonal matrix is a block matrix (that is, a matrix which is 
interpreted as being partitioned to submatrices) in which the only non-zero sub-matrices are on the 
main diagonal. A companion matrix of a polynomial p{x) is a degp x degp matrix consisting of I’s 
in the main sub-diagonal, the additive inverses of the coefficients of p in the rightmost column, and 
0 elsewhere. 

The decomposition theorem states that any matrix M is similar to a block diagonal matrix, whose 
blocks are companion matrices of certain factors of the characteristic polynomial. The polynomials 
corresponding to these companion matrices may be ordered such that any polynomial is a multiple 
of the next, and the hrst one is the minimal polynomial of M. This block diagonal matrix is called 
the rational canonical form (rational form, in short) of M, any matrix M' is similar to M if and only 
if the share the same rational form, which exists over any held. 

In what follows, for a set of row vectors T we denote its F^-linear span by (T) and for subspaces 
U and V, \et U + V — {u P v | u G [/, u G V}. For a matrix M we denote its (left) image by 
Im(M) = {vM I V G Fg} and its row span by (M). 

2.2 The Subspace Condition 

Usually, a distributed storage system has a systematic park i.e. certain nodes in the system should 
store an uncoded part of the data. Such nodes are called systematic nodes, and they allow instant 
access to their stored data. An efficient repair algorithm for a failed systematic node is vital. In this 
paper, we devise an MSR code which allows a minimum repair bandwidth for a failed systematic 
node. 

This problem was previously studied by 0, B E Q, where it was shown to be equivalent 
to a purely algebraic condition called the subspace conditioT^. In this subsection we describe this 
condition, and explain why codes which satisfy it provide minimum repair bandwidth for a failed 
systematic node. We refer the interested reader to [l5| for a proof that the subspace condition is also 
necessary. A more general formulation of the subspace condition, which is irrelevant in our context, 
may also be found in (isl j. 

In an MSR code with k systematic nodes, r parity nodes, sub-packetization £, and maximum 
repair degree d = n — 1, a hie f G F^^ is partitioned into k parts of length £ each, denoted by 
f = {Cl ,..., Ck). The hie f is multiplied hy a. kk x {k + r)i generator block matrix of the form 

"EES used the term “subspace property”. 
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// 


( 4 ) 


^1,0 ^1,1 • • • 

I -^fc,0 -^k,l * * * -^/c,r—1 J 


where I is the i x i identity matrix, and the are invertible matrices, which satisfy a certain 

set of properties [l^. In this paper Aij = Aj for some Ai,..., ^4^ that will be defined in the sequel. 
That is, (01) simplihes to 


// / v4i 

I 

V I I A, 



(5) 


The resulting codeword is partitioned into k+r columns of length i each, denoted (Ci ,... ,Ck, Ck+i, 
..., Ck+r), where for all j G [r] = {1,..., r}. 


Ck+j 




i=l 


Each column Ci is stored in a different storage node, where the hrst k nodes are the systematic ones 
and the remaining r nodes are called parity nodes. 

Upon a failure of a systematic node m G [/c], storing C^,, it is required to repair it by downloading 
a minimal amount of data. According to ([T]), since n = k + r and d = n — 1, we have that the 
minimum bandwidth [dd in this scenario is 


/3d = ^ 


k d — k + 1 


k£ k + r 
k r 


= -{k + r — 1). 


( 6 ) 


That is, each of the remaining k + r — 1 nodes should contribute 1/r of its stored data [^. Sufficient 
conditions for this minimum repair bandwidth are as follows. 


Definition 1. (The Subspace Condition, llli. Section II] Let £ and r be integers such that r divides £. 
A set of pairs {(A*, Sf)}^^^, where for all i, Aj is an invertible £ x £ matrix and Si is an £/r-subspace 
o/Fg, satisfies the subspace condition if the following properties hold. 

The independence property: for each i G [k], 


S, + S,A, + S,A + ... + S,A(-^ = F; 


The invariance property: for all i,j G [k], i ^ j, SiAj = Si. 

The nonsingular property: Every sguare block submatrix of the following block matrix is invert¬ 
ible. 


fi Ai ••• Ar^x 

V ••• 


(7) 
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If a subspace S satisfies the invariance property for a matrix A, then S is an invariant subspace 
of A (see Section 12 .ip . If a subspace S' satishes the independence property for A, then S' is an 
independent subsmce of A. Notice that the nonsingular property must hold for the code to be an 
MDS array code [3,1^, regardless of any applications in distributed storage. 

Theorem 1. f7i/ If the set {(A, satisfies the subspace condition for given I and r, then the 

code whose generator matrix is given in ^ is an MSR code which allows a minimum repair bandwidth 
for any systematic node. 


The subspaces in this theorem are used in the repair process, and are often called repair 

subspaces. To repair a systematic node j, the remaining nodes project their data on Sj, i.e. multiply 
their data by some full rank matrix whose row span is Sj, and send it to the newcomer. For additional 
details see p, SE 


17 


In order to compute the projections on the subspace Sj, each of the remaining nodes must access 
a certain amount of its stored symbols, and clearly, at least Ijr symbols must be accessed. A code 
in which this minimum is attained is called an access-optimal code 0,01 0]. It can be shown that 
a code is access-optimal if and only if each subspace Sj has a basis which consists of unit vectors 
only [0, Section V]. 

A set of the form {(Aj, is called an {A,S)-set. Since the subspace condition is necessary 

and sufficient for construction of MSR codes, this paper will focus solely on the construction of 
(M, iS)-sets which satisfy it. 


3 Our Techniques 


Our constructions rely on the properties of some matrix A, to which the matrices in our {A, iS)-set 
are similar using certain change matrices. These change matrices are dehned according to a set of 
matchings in the complete r-uniform hypergraph on I vertices Kf. In this subsection the matrix A 
is described, its properties are discussed, and the use of matchings for the dehnition of the change 
matrices is explained. 

The matrix A and the change matrices will be described with respect to a construction with r 
parities, for a general r. In the following sections, the cases of r = 2 and r = 3 will be discussed in 
detail. 

For a given number of parities r and an integer m, the matrix A is an r™ x r™ block diagonal 
matrix whose constituent blocks are the r x r companion matrix of a:'’ — 1. That is. 


and the matrix A is 


/O ■■■ 0 1\ 

1 ■■■ 0 0 

0 ■■■ 0 0 ’ 

Vo ■■■ 1 oj 



\ 


( 8 ) 


Since it is desirable that A will have as many eigenspaces as possible, we operate over a held F^, 
where r\q — 1. This assumption about q provides the existence of all roots of unity 1, 71 ,..., 'jj.-i of 
order r in the held Fg (using the well-known Sylow theorems 0 Section XII.5]). It is readily verihed 
that the eigenvalues of A are 1, 71 ,..., 7^-1 G Fg, since they are the roots of the minimal polynomial 
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x'' — 1 of A. We note that for the special case of r = 2 (Section H]), we use an additional technique 
which allows to operate with any g > m + 1 , without requiring that 2 |g — 1 . 

In what follows we present the structure of the eigenspaces of A, and the eigenspaces of matrices 
which are similar to A. 

Lemma 1. The matrix C G is a diagonalizable matrix whose set of linearly independent eigen¬ 
vectors zs {(1,..., 1)} U {(1, 7 j, 7 j^, ..., 7 [~^)}[=i ■ Furthermore, the subspace S = (cq) is an indepen¬ 
dent subspace of C, i.e. S' + SC + ... + S'C'^“^ = F^. 

Proof. It is readily verihed that for alH G {0,..., r — 1}, CjC = ej_i mod r- Hence, (1,..., 1) is an 
eigenvector for the eigenvalue 1. In addition, for any i G [r — 1], we have that 

= 7i(l,7i,7*^---,7["^), 

and thus the vector ( 1 , 7 ,, 7 ^^,..., 7 [“^) is an eigenvector which corresponds to the eigenvalue 7 *. 
These eigenvectors form an r x r Vandermonde matrix j^, p. 270], and hence they are linearly 
independent and C is diagonalizable. Since for alH G {0,... ,r — 1}, eiC = ej_imodr, we also have 
that S + SC + ... + = F^. □ 

The structure of the eigenspaces and eigenvalues of H is a simple corollary of Lemma [H 

Corollary 1. The matrix A is diagonalizable, and the linearly independent eigenvectors of A are as 
follows. 

1. For the eigenvalue 1, the ifr linearly independent eigenvectors are 

( 1 , 1 ,...,!, 0 , 0 ,..., 0 , ••• , 0 , 0 ,..., 0 ) 

( 0 , 0 ,..., 0 , 1 , 1 ,...,!, ••• , 0 , 0 ,..., 0 ) 

( 0 , 0 ,..., 0 , 0 , 0 ,..., 0 , ••• , 1 , 1 ,...,!) 


2. For the eigenvalue 7 i,z G [r — 1], the ^|r linearly independent eigenvectors are 

(l,7„...,7[-\ 0,0,...,0, ••• ,0,0,...,0) 

(0,0,...,0, l,7„...,7[-i, ••• ,0,0,...,0) 


( 0 , 0 ,..., 0 , 0 , 0 ,..., 0 , 


,l,7i,---,7[ ) 


In addition, if S ^ (cq, e^, e 2 r,..., ei-r) then S + SA + SA^ + ... + S'W ^ = F^. 

The matrices in our construction are similar to the matrix A. The following lemma, that is based 
on ([3]), presents the eigenvalues and eigenvectors of a matrix which is similar to A. 


Lemma 2. If P G F^^^ is an invertible matrix whose rows are po,... ,pe-i, cmd B = P ^AP, then 
B is diagonalizable, with the following eigenspaces. 


Al. For the eigenvalue 1, a basis of the eigenspace is [T.'jJoPir+j 1 i 
A2. For the eigenvalue 7 *, a basis of the eigenspace is < J2^j=o'liPir+j 


G{0,...,£/r-l}}. 

I i G {0, ...,£/r-l}|. 


In addition, the subspace T = {po,Pr,P 2 r, ■ ■ ■ ,Pi-r) satisfies T + TB + TB^ + ... + TB^ ^ = F^. 

Proof. Notice that the vectors in Al and A2 are given by multiplying the eigenvectors of A (see 
Corollary [T]) by the matrix P. If v is an eigenvector of A which corresponds to an eigenvalue A then 

{vP)B = {vP)P-^AP = vAP = XvP, 

and hence vP is an eigenvector of B. 

Notice that the subspace T may be written as T = (cq-P, e^P,..., ci^rP) = {gq, e^,..., ei_r)P = 
SP, where S = {eo,er,e 2 r, ■ ■ ■ ,ei-r). Hence, it follows from Corollary [1] that 

T + TB + TB^ + ...+TB^-^ = SP + SPB + SPB^ + ... + SPB^-^ 

= SP + SAP + SA^P + ... + SA'^-^P 
= {S + SA + SA^ + ... + SA^-^)P = FjP = Fj. 

□ 


The matrices in our construction are similar to the matrix A. The change matrices which induce 
the similarity are dehned using perfect colored matchings in the complete r-uniform hypergraph. 
Although the specihc choice of these change matrices varies from one construction to another, the 
general idea behind the use of matchings is roughly identical, and will be explained in the remainder 
of this subsection. 


Definition 2. A perfect colored matching (matching, in short) is a perfect matching in the r-uniform 
hypergraph, whose vertices are colored in r colors, such that no edge contains two nodes of the same 
color (see Figure\^. 

We denote a matching by ^ ..., where each is an ordered color set (i.e. a 

subset of all vertices which are colored in the same color), and if Zh) = (zq \ ... for each 

i G {0,... , r — 1}, then the edges of Z are 


^(0) ^(1) 
j 5^7 5 *** 5 '^ 


(r-l) 




ip —1 

i=o 


For example, for r = 2, a matching is denoted by ^ = {Z, Z') (we use Z and Z' instead of Z^^l 
and ZP) for convenience), where Z = {zo, ■ ■ ■, Zi/ 2 - 1 ), Z' = {z'q, ..., edges of Z are 

Each matching will be used to construct r (or r + 1 in Section^]) change matrices for the {A, iS)-set. 
Each ixi change matrix is constructed using constituent rxi sub-matrices (jH]). Each such submatrix 
is a function of a single edge in the matching. That is, if the matching is Z = {Z^^\ ..., then 

r matrices in the (Al, iS)-set are constructed as A* = Pfi^APi, where 


/ 


Pi = 


\ 


An rxi submatrix based on 

r (0) (1) h-i)| 

\Zq , Zq , . . . , Zq J- 


An rxi submatrix based on 
r^(o) ^(1) 

1^1 ) ) • • •) J 


An rxi submatrix based on 

lA/r-1’ ^ijr-l’ ■ ■ ■ ’ A/r-lJ 


(9) 
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Figure 1: A perfect colored matching on the complete (2-uniform hyper)graph with four vertices. 
The edges of the matching appear in bold, and the nodes are colored in <) such that there is no 
monochromatic edge. 


The vertices of the r-uniform hypergraph are identihed with the i unit vectors cq, ..., e^-i. In 
all subsequent constructions, the subspaces in the {A, iS)-set are dehned using the color sets from the 
matchings, i.e., if ^ ..., is a matching, then we dehne r subspaces (r-|-l in Section[6]) 

of dimension i/r a.s follows 


V*e{0,...,r-1}, Sa., ^ (Z<'>) 


rt A 

oz* — 


+ 


+ 2 :,- 




Ijr—l 


J i=0 


That is, each subspace Sz(i) is the span of the color set ZA^ and the additional subspace Sz* is 
the span of the sums of each edge in Z. To enlarge the (^, iS)-set, different matchings can be used, 
as long as they satisfy the following simple condition. 

Definition 3. Two matchings X = ..., and y = (F®,..., yh-i)) satisfy the pairing 

condition if any edge in X is monochromatic in y, and vice versa (see Figure\Bi). 



Figure 2: Two matchings in the complete (2-uniform hyper)graph which satisfy the pairing condition. 
Each edge in one is monochromatic in the other, and vice versa. 
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Subspaces which correspond to distinct matchings X = ..., and y = ..., 

that satisfy the pairing condition, have a useful property. This property is a corollary of the following 
lemma. 


Lemma 3. If D e ..., Xh-b} and E e ..., then \D n E\ =Ilr‘^. 


Proof. Since X and y satisfy the pairing condition, D can be written as a union of edges from y, 
that is, D = • • •, Hence, D contains exactly i/r‘^ elements of E. □ 


By 171, Lemma 11], in any MSR code which attains minimum repair bandwidth, the dimension 
of the intersection between any two repair subspaces is at most £/r^. As a result of Lemma [21 we 
have that repair subspaces which correspond to different matchings attain this bound with equality. 


Corollary 2. If U E {S'^w, S'^cu,..., S'^c^-i), Sx*} and V G {Sym, Sym, ■ ■ ■, Syir-i), Sy*}, then 
dim(t/ n F) = Ifr’^. 


Proof. We distinguish between the following cases. 

Case 1. U E {Sx(o), Sxw, • • •, ‘S'^n-u} and V E {*S'y(o), Sy(i), ..., S'y(r-i)}. Let Bu and By be bases 
of U and V, respectively, which consists of unit vectors only. Any w E U OV corresponds to a 
unique solution to the following equation, whose variables are {aj}f£g ^ and 


aiUi = fliVi. 

UiGBu Vi&Bv 

Since all vectors involved in this equation are unit vectors, and since by Lemma [3] we have that 
\Bu n Bv\ = f'/r^, it follows that exactly ijr"^ of the coefficients in the left-hand side are equal 
to exactly in the right-hand side, and the rest of the coefficients are zero. Therefore, this 
equation has exactly Ijr"^ degrees of freedom, and thus dim(f/ fl F) = £/r^. 

Case 2. U E {S'xco), *S'x(i), ..., S'^n-u} and F = Sy*. Let Bu be a basis of U which consists of unit 
vectors only. As in the previous case, any tc G f/ fl F corresponds to a solution of 


^ atUi = ^ I3i{yf + yf^ + ... + yf 

UiSBu 2=0 

By Lemmaini exactly of the edges {yf'\yl^\ ..., yf^ are in Bu, and hence, (r — l)i/r‘^ 
of the coefficients in the right-hand side must be zero. The remaining f'/r^ coefficients may 
be chosen arbitrarily. Thus there are f'/r^ degrees of freedom for this equation, and hence 
dim{U n F) = Ijr'^. 

Case Z. U E {Syco, Syu), ..., S'yu-i)} and F = Sx*- This case is symmetric to Case 2. 

Case 4. f/ = Sx*-, F = Sy*. Any vector w eU corresponds to a solution to 


r/i—1 


j=0 


X. 


( 0 ) 


-1- -1- ... -1- X. 


(r-l)x _ 


ijr—X 


^i{yT +1/^ + • • • +1/. 


(r-l)N 


j=0 


Any edge {x®, x^,..., is contained in either of F®, F^),..., yh-i). Hence, for each 

value chosen for a*, exactly r distinct values for the different /3-s immediately follow. Hence, 
this equation also has f'/r^ degrees of freedom, and dim([/ n F) = 
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□ 


Remark 1 . In the proof of Corollary\^ the subspace Sx* could equally be replaced with any subspace 
of the form 


(0) I (1) , _L (^-1)1^^'’ ^ 

CoXl + CiX] ' H-h Cr-lXl j . Q 


for any constants Ci such that q 7 ^ 0 for all i, and the subspace Sy* could equally be replaced with 
any subspace of the form 



+ • • • + dr-iy. 




Ijr—l 


i i=0 


for any constants di such that di ^ 0 for all i. This is since cases 2-4 of the proof do not use the 
specific choice of Ci = 1 and di = 1. This fact will be used in the proof of LemmalTS\ to follow. 


In the sequel we use a large set of matchings in which every two matchings satisfy the pair¬ 
ing condition. To satisfy the nonsingular property (Definition [1]), each matrix of the (^, iS)-set is 
multiplied by a properly chosen held constant, without compromising the invariance property and 
the independence property. The constructions of the (^, iS)-sets, which follow the general outline 
described in this subsection, are discussed in detail in the following sections. 


4 Construction of an MSR Code with Two Parities 


4.1 Two Parities Code from One Matching 


Recall that the vertices of the complete graph are identihed by all unit vectors eo,, ee-i of 
length i, i = 2"^ for some integer m, and a matching Z = {Z, Z') is a set of il2 vertex-disjoint edges 
of Ki. Such a matching will provide an (.4., iS)-set of size 2, satisfying the subspace condition. The 
construction of this (4., iS)-set also relies on the following £ x £ matrices, which resemble the matrix 
in ([ 8 ]). For A G F*, consider the following two £/2 x £/2 matrices 


Al+(A) = 


/o 

A 

0 

0 

... 0 

o\ 

A 

0 

0 

0 

... 0 

0 

0 

0 

0 

A 

... 0 

0 

0 

0 

A 

0 

... 0 

0 

0 

0 

0 

0 

... 0 

A 

\o 

0 

0 

0 

... A 

0/ 


,/1-(A)4-.4+(A), 


and let 4(A) be the following I x I block diagonal matrix 



( 10 ) 


The matrix 4(A) possesses several useful properties, which are essential in our construction. These 
useful properties follow from the fact that the minimal polynomial of 4(A) is — A^. This form of 
the minimal polynomial shows that the matrix 4(A) acts as a transposition on the vectors of which 
are not eigenvectors, up to a multiplication by A. That is, all vectors which are not eigenvectors may 
be partitioned to pairs {u,v) such that m4(A) = v and n4(A) = X^u, as proved in Lemma S] which 
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follows. In addition, for field with even characteristic, the matrix A(A) is non-diagonalizable. To the 
best of our knowledge, this constitutes the hrst construction of an (Al, iS)-set satisfying the subspace 
condition whose matrices are non-diagonalizable. Notice that the multiplication of a vector v by the 
matrix A(A) switches between entries 2t and 2t -|- 1 of n for all t G {0,... ,£/2 — 1}, and multiplies 
all entries by either A or —A according tot <t'/4 — 1 ort > i/A — 1. This is demonstrated in the 
following lemma. 

Lemma 4. If P E is an invertible matrix whose rows are po,. .. ,Pi-i, and B = P~^A{\)P for 
some A G F*, then for all t & {0,..., £72 — 1} 

P _ / Ap2t+i ift <i/A-l ( Xp2t ift<i/A-l 

[-Xp2t+i ift>i/A-l' \-Xp2t ift>i/A-l 

Furthermore, the vectors p 2 t+i + P 2 t and p 2 t+i — P 2 t are eigenvectors of B. 

Proof. By flTOj) . for all t G {0,..., £/2 — 1} we have that 


e2tA{X) 


Xe2t+i iit<i/A-l 
-Xe2t+i a t > £/A - 1 ’ 


e2t+i^(A) 


Xe2t iit<£/A — l 
—Xe2t if t > £/4 — 1 


In addition, since PP ^ = J, it follows that PiP ^ = e* for all i G {0, Therefore, for all 

t G {0,...,£/2-l} 


P2tB = p2tP ^A{X)P 


= e2tA{X)P 


= ±Xe2t+iP = PXp2t+i, 

( 11 ) 

P2t+iB = p2t+iP~^A{X)P 


= a2t+iA{X)P 


= ±Xe2tP = ±Xp2t, 

( 12 ) 


where the ± sign distinguishes between the cases t < £/A — l and t > £/A — l. To see that P 2 t+i +P 2 t 
and P 2 t+i — P 2 t are eigenvectors of B, notice that by adding and substracting fITT]) and flT^ . we have 
that 


{P2t+1 + P2t)B 
{P2t+i -P2t)B 


4=A(p2f+l + P2t) 
TA(p2i+l -P2t)- 


(13) 

(14) 

□ 


Given a matching Z = {Z, Z'\ it is easily verihed that the following two matrices are invertible, 
where Zi, z\ are vertices in the complete graph, which are identihed by unit vectors of length £. 


( 


Pz - 


^0 

I 

2:1 


z'q - Zq 


\ 


Zi - Zi 

z 1 / 2-1 

\z[/2-i - ^m-i) 


( 


Pz' = 


Zo + Zq 

4 

Zl + z[ 


\ 


^i/2-1 

\zi/ 2 -l + Z[i 2 _ij 
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Definition 4. Given a matching Z = (Z, Z'), let 


A^X) A p-i . A{\) ■ Pz, Sz A (Z) = ({j,}S-‘) 

/Iz.(A) A p-i . A[X) ■ Pz., Sz' A {Z') = 

As an immediate consequence of Lemma H] and Definition HI we have the following. 
Corollary 3. For every i G {0,..., £/4 — 1}, 


ZiAz{X) — 


X{z--Zi) ifi<i/ 4 :-l 
-X{z--Zi) ifi>i/A-l 


z'Az'(X) - 


X(zi + z') ifi<£/4-l 

-X(zi + z') ifi>£/4-l 


and, 


(15) 

(16) 


• For i < £/4 — 1, 

— z' is an eigenvector of Az{X) which corresponds to the eigenvalue X. 

— Zi is an eigenvector of Az>{X) which corresponds to the eigenvalue —A. 

• For i > £/4 — 1, 

— z\ is an eigenvector of Az{X) which corresponds to the eigenvalue —A. 

— Zi is an eigenvector of Az'{X) which corresponds to the eigenvalue X. 

A matching Z provides an (Al, iS)-set of size two as follows. 

Lemma 5. If Z = {Z,Z') is a matching, then {{Az{X), Sz), {AzfX), Sz')} satisfies the subspace 
condition. 

Proof. For convenience of notation, and since the proof which follows holds for each A 7 ^ 0, let and 
Az' denote A^(A) and A^/(A), respectively. We show that all properties of the subspace condition 
are satisfied. 

To prove the independence property, notice that by Corollary [3], 

SzAz = {{z'i- 

Sz'Az' = {{zi + 


and thus, SzAz + Sz = Sz'Az' + Sz' = F^. 

To prove the invariance property, notice that by Corollary [3], Sz (resp. Sz') is a span of eigen¬ 
vector^ of Az> (resp. Az) and hence it is Az' (resp. Az) invariant. 

To prove the nonsingular property, first notice that Az, Az' are invertible since they are defined 
as a product of invertible matrices, and thus every 1 x 1 block submatrix is invertible. Second, notice 
that 

I I 
Az Az' 

"^Note that it does not comply with the definition of an eigenspace, since it contains vectors that correspond to 
distinct eigenvalues. 
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is invertible if and only if Az — Az' is invertible. Since Z U Z' is a basis of F^, to show that Az — Az' 
is invertible it suffices to show that its image contains Z U Z'. 

Let z G {0,..., £/2 — 1}, and notice that by Corollary [3l if z < £/4 — 1 then 


—A ^z'(Az — Az') 


A ^ {ziAz — ZiAz') 

\~^ {\{z[ - Zi) + \Zi) = z[ 

—A ^ {^z\Az — z[Az') 

{Xz- - X{zi + z-)) = Zi- 


On the other hand, if z > + 1, then 

—A ^Zi(Az — Az') = —A ^ (ziAz — ZiAz') 

= -X~^ (-X(z' - Zi) - Xzi) = z' 

A ^z[{^Az — Azi) = A ^ [z\Az — z[Azi) 

= A"^ (-Am- + \[z'i + Zi)) = Zi. 

Therefore, for all z G {0,... ,£/2 — 1}, the vectors Zi and z- are in the image lm{Az — Az'), which 
implies that Az — Az' is of full rank. □ 

From Lemma [5] it is evident that any pair {Z, A) of a matching Z = (Z, Z') and a nonzero held 
element A provides an (^, iS)-set of size two. In Section which follows we discuss the required 
relation between two such pairs {X, A^,), (y, Xy) that allow the corresponding {A, iS)-sets to be united 
without compromising the subspace condition. 


4.2 Two Parities Code from Two Matchings 

To construct larger (.4., iS)-sets, we analyse the required relations between two distinct pairs (ff, A^,), 
(T, Xy) of matchings X = (X, X'), y = (Y, Y') and held elements A^,, Xy, that allow the construction 
of an (4., iS)-set of size four. In Lemma [6l which follows, we show that there exist three sufficient 
conditions that (X, A^,), (T, Xy) should satisfy for this purpose. The hrst condition states that A^, and 
Xy must be distinct. The second condition, called the pairing condition, appears in Dehnition[3l The 
third condition, which is a more subtle one and will only be relevant in helds with odd characteristic, 
is that the vertices of certain edges from X fall into distinct halves dehned by the order of y, and 
vice versa. 

Clearly, a set {{Xi, such that any two pairs satisfy all of the above conditions, will provide 

an (4., iS)-set of size 2t. In the sequel we provide such a set of size m over Fg, for any m G N and 

any q > m + 1. This set will yield an {A, iS)-set of size 2m for g > m + 1, which consists of matrices 

of size 2”^ X 2™. 

Lemma 6. If X = (X, X'), y = {Y,Y') are matchings and X^, Xy are nonzero field elements such 
that 

Bl. Aa, 7 ^ Xy. 

B2. X and y satisfy the pairing condition (see Definition\3() . 

B3. If Xx = —Xy, then for all i E {0,..., 1(2 — 1}, 

if {xi, x'X) = {yj,yt) then z < £/4 — 1, j < — 1, andt>i/A — l, and 

if {xi,x'i) = {y'j,y[) then i > i/A — 1, j < i/A — 1, andt>i/A — l. 
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then the {A,S)-set 


{(^x(Ax), Sx), {Ax>{Xx), Sx'), (Ay^Xy), Sy), {Ay'{Xy), 5'y/)} 
satisfies the subspace condition. 

Proof. For convenience, we omit the notations of X^^Xy from Ax{Xx), AxfiXx), Ay{Xy), and AyfiXy) 
(even so and Xy are crucial for this proof). The independence property follows directly from 
Lemma [5l as well as the non-singularity of any 1x1 submatrix in the nonsingular property. To prove 
the invariance property, notice that the cases 

SxAx' = Sx SyAyi = Sy 

Sx'Ax = Sx' SyiAy = Sy/ 

follow from Lemma [5] as well. We prove now that SxAy = Sx, and the rest of the cases follow by 
symmetry. 

Since Sx = {xq, ■ ■ ■ ,xe/ 2 -i), a necessary and sufficient condition for SxAy = Sx is that XiAy G 
Sx for each i G {0,... ,^72 — 1}. Let Xi G Sx for some i G {0,... ,£/2 — 1}. Since X and y are 
matchings over the same vertex set, we have that either Xi E Y or x* G Y'. If Xi G T', i.e. x* = y'j 
for some j G {0,... ,^72 — 1}, then by Corollary [3] and by the definition of Ay ([15]), we have that y'j 
is an eigenvector of Ay. Therefore, 

XiAy = y'j Ay = ±Xyy'j = ±XyXi G Sx- 

On the other hand, if x* G Y, i.e. x, = yj for some j G {0,..., ^|2 — 1}, then by Corollary [21 

XiAy = yjAy = XXy{y'j - yj) = ±Xyy'j =F Xyyj = ±Xyy'j =F XyXi. (17) 

According to B2 (the pairing condition), we have that if yj G X, then y'j G X as well. Therefore 0171) 
is a sum of two vectors in Sx, which implies that XiAy G Sx- 

To prove the nonsingular property, we show that X U X' C Im (A^ — Ay), and the rest of the 
cases follow by symmetry. Since X U X' is a basis of F^, it will follow that rank(Ax — Ay) = i as 
required. We split the proof to two cases as follows. 


Case 1. Aa; 7 ^ —Xy (and thus A^, 7 ^ ±Aj^ by Bl). If i G {0, ...,^72 — 1}, then by A2, we have 
that either (xj,x') = {yj,yt) or (xj,x') = {y'j,y'fi) for some distinct j,t G {0, ...,^72 — !}• If 
(xj,x') = {y'j,y'i), then simple calculations that follow from Corollary [2] show that 


xfiAx — Ay) 


x'fiAx — Ay) 


Xxx'^ - (Xx + Xy)xi if i < £/4- 1, j <£/4-l 

Xxx' - (Xx - Xy)xi if i<^/4 - l,j > ^/4-l 

-Xxx'i P {Xx - Xy)xi if i> 1/4- l,i <^/4-l 

^-Aa;x' -1- {Xx + Xy)xi if i> 1/4- l,j > ^/4 -I 

{Xx — Xy)x'i li i < ^/4 — l,t < 1/4 — 1 

(Aa;-f Aj^)x' li i < ^/ 4 — l,t > ^/4 — 1 

— (Aa; + Xy)x'^ li i > ^/ 4 — l,t < 1/4 — 1 

,~{Xx — Xy)x'^ if i > i/4 — l,t > i/4 — 1. 


(18) 


(19) 
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Since A^; 7 ^ it follows by (IT^ that x[ G \m{Ax — Ay), which also implies by (flSj) that 
Xi G Im(ylx — Ay). If {xi,x'^) = {yj,yt), then similar calculations show that 


Xi{Ax — Ay) 


x'i{Ax — Ay) 


Xxx'i - {Xx - Xy)xi - Xyy'j Hi <£/4-l,j <i/4-l 
Xxx[ - {Xx + Xy)xi + Xyy'j Hi <£/4-l,j > £/4-l 
-Xxx[ + (Aa: + Xy)xi - Xyy'j H i > i/4 - l,j < i/4 - 1 
,-Xxx[ + {Xx - Xy)xi + Xyy'j H i > i/4 - l,j > i/4 - 1 

(Aj; + Xy)x{ — Xyy[ if * < i/4 — 1, t < £/4 — 1 
{Xx — Xy)x[ + Xyy[ H i < i/4 — lA > i/4 — 1 
-{Xx - Xy)x{ - Xyy[ Hi > i/4-1,t < i/4 - 1 
, — (Ax + Xy)x[ + Xyy{ Hi > i/4 — l,t > i/4 — 1 


Now, notice that since Xi = yj we have that yj G X. By B2, we also have that ?/' G X, and 
hence ?/' = Xs for some s G {0,...,£/2 — 1}. We have shown earlier that if Xg = y'j then 
Xs = y'j G Im(ylx — Ay). Similarly, since a;' = yt, we have that y'^ G X', i.e. y'^ = x'^ for 
some r G {0,... ,i/2 — 1}. This implies that Xr,x'^ G Y' by the pairing condition, and thus, 
= I/' G \ra{Ax - Ay). 

Since y'^ G \m.{Ax — Ay), and since A^, 7 ^ iA^^, it follows from fl2l|) that x' G Im(y4x — Ay). 
Therefore, by fl20l) . and since y'j G Im(y4x — and A^ 7 ^ it follows that Xi G \m.{Ax — Ay) 
as well. 


Case 2. A^, = —Xy (and thus we have to consider B3). The pairing condition implies that either 
{xi,x'i) = {yj,yt) or {xi,x'/) = {y'j,y't) for some distinct j,t G {Q,...,i/2- 1}. However, by 
B3, most of the cases in f[T5D . ffT^ . fl2U]) . fl?T]) are impossible. Hence, if {xi,x'/) = (|/',|/() then 
i > i/4 — l,i < i/4 — 1, and t > i/4 — 1, and thus 

Xi{Ax Ay) XxXj^ T (A, 2 , Xy)Xi 

x'i{Ax — Ay) = {Xy — Xx)x'^. 

Since A^, 7 ^ Xy, we have that Xi,x'^ G \m.{Ax — Ay). If {xi,x'/) = {yj,yt) then i < i/4 — 1, j < 
i/4 — 1, and t > i/4 — 1, and thus 

Xi{Ax Ay) XxXj^ T ^Xy Xx)xi Xyyj 

Xi{Ax — Ay) = (Ax — Xy)xj^ + Xyy-i-. 

As in Case 1, we can prove that y'j,y't G \m{Ax — Ay), and get that since Ax 7 ^ Xy, we have 
that Xi,x'^ G \m{Ax — Ay). 


□ 

By Lemma [ 6 ] we have that two matchings X, y and two corresponding held elements A^,, Xy that 
meet the requirements B1-B3, provide an {A, iS)-set of size four. Therefore, a construction of a large 
set of pairs {Xi, Xi), such that any two pairs satisfy B1-B3, is required for a construction of a large 
{A, iS)-set which satishes the subspace condition. 
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4.3 Construction of Matchings for Two Parities 

In the sequel we construct a set {(A^, whose elements satisfy the requirements of Lemma [6] in 

pairs. We identify vertex e* of with the binary m-bit representation of i. We will use the following 
standard notion of a boolean cube. 


Definition 5. Given a sequence of distinct indices ii, ... ,ik £ {0,... ,m — 1} and a sequence of 
binary values hi,...,hk € {0,1}? the boolean cube C{{{ij,bj)}^^f), of size is the set of all 

m-bit vectors over {0,1} that have bj in entry ij for all j = 1,..., k. That is, 

= {a; e {0,1}"* I for all j e [k], Xi. = bj} . 

We consider the elements in such a boolean cube as ordered according to the lexicographic order (see 
ExampleUl below), that is, we consider a boolean cube as a sequence rather than a set. 

Example 1. If m = 4 then the boolean cube C({(1,1), (2,1)}) is the set {v\,V 2 ,vz,Vi\ such that 

{vi,V2,v^,va) = ( 0110 , 0111 , 1110 , 1111 ). 

We begin by dehning a set of matchings that meets the pairing condition. 

Definition 6. For any m G N, define m matchings {W = as follows 


J = ^({(2^, 0), (2f + 1, 0)}) o ^({(2^, 0), (2f + 1,1)}) 
[X', = C({(2f, 1), (2f + 1, 0)}) o C{{{2t, 1), (2f + 1,1)}), 

= ^({(2^, 0), {2t + 1, 0)}) o ^({(2^, 1), {2t + 1, 0)}) 

0), (2f + 1,1)}) o C{{{2t, 1), (2f + 1,1)}) 


where t E (0,..., [yj — 1}, and o indicates the concatenation of sequences. If m is odd, we add the 
matching 


X, 


m—1 


Example 2. If m = A, then 


X^_i = C'({(m-l,0)}) 


Xo = C({(0,0),(l,0)})oC({(0,0),(l,l)}) 

X'=C({(0,l),(l,0)})oC({(0,l),(l,l)}) 

Xi = C({(0,0),(l,0)})oC({(0,l),(l,0)}) 
X( = C({(0,0),(l,l)})oC({(0,l),(l,l)}) 

X2 = C({(2, 0), (3, 0)}) O C{{{2, 0), (3,1)}) 
XHC({(2,l),(3,0)})oC({(2,l),(3,l)}) 

X3 = C({(2,0),(3,0)})oC({( 2,1),(3,0)}) 
X'=C({(2,0),(3,l)})oC({(2,l),(3,l)}), 
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( 0000 , 0001 , 0010 , 0011 , 0100 , 0101 , 0110 , 0111 ) 

( 1000 , 1001 , 1010 , 1011 , 1100 , 1101 , 1110 , 1111 ) 

( 0000 , 0001 , 0010 , 0011 , 1000 , 1001 , 1010 , 1011 ) 

( 0100 , 0101 , 0110 , 0111 , 1100 , 1101 , 1110 , 1111 ) 

( 0000 , 0100 , 1000 , 1100 , 0001 , 0101 , 1001 , 1101 ) 

( 0010 , 0110 , 1010 , 1110 , 0011 , 0111 , 1011 , 1111 ) 

( 0000 , 0100 , 1000 , 1100 , 0010 , 0110 , 1010 , 1110 ) 

( 0001 , 0101 , 1001 , 1101 , 0011 , 0111 , 1011 , 1111 ), 

where the values in bold indicate the fixed entries in each boolean cube. 

Before we choose a field element for each matching, which satishes B1-B3 of Lemma [6l we prove 
that the matchings from Dehnition [6] satisfy the pairing condition. 

Lemma 7. Each two distinct matchings Xi,Xj from Definition\^ satisfy the pairing condition. 
Proof. Denote the elements of the matchings fl), Xj as 


X, = 

(^^ 1,05 • • 

■ y Xi^il2-\ 

= 

• • 

■ 1 

X, = 

{Xjfl, ■ ■ 

■ y Xj/l2-l 

= 

■ ■ 

■ 5 


By Dehnition [6l it is evident that in every edge G Xi, the i-th. entry of Xi^t is 0, the i-th. 

entry of x[ ^ is 1, and the rest of the entries are identical. Similarly, in every edge G Xj^ the 

j-th entry of Xj^t is 0, the j-th entry of x'^ is 1, and the rest of the entries are identical. Therefore, 
for every edge G Xi, if the j-th entry of both Xi^t and x'^ is 0, then Xi^tyX'n G Xj, and if it 

is 1, then Xij,x'ij G X'. Therefore, Xj is a union of edges from Xi. The proof that Xi is a union of 
edges from Xj is similar. □ 

We now turn to choose a proper nonzero held element for every matching from Dehnition |6l This 
choice must comply with requirements B1 and B3 of Lemma [6l Note that if q is even, then B3 
follows from B1 (vacuously). Hence, if the held characteristics is 2, the choice of held elements is 
straightforward. 

Lemma 8. If q>m + l is a power of two, then by any arbitrary choice of pairwise distinct elements 
from F* for the m matchings from Definition\^ the resulting {A, S)-set satisfies B1-B3 from Lemma{^ 

Proof. Since the assigned elements are distinct, every two matchings satisfy property B1 of Lemma [6l 
According to Lemma [71 every two matchings satisfy the pairing condition (B2) as well. Since q is 
even, property B3 is implied by property Bl. □ 

If q is odd, more care is needed for the mapping of nonzero held elements to the matchings. We 
do this by choosing held elements A and —A for two adjacent matchings X 2 t, X 2 t+i. 


which implies that 
Xo: 
X,-. 

Xo : 




Xn = 


Xo = 


X, = 


3 • 
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Lemma 9. Let q > m + 1 be a power of an odd prime. Assume we are given an arbitrary choice 
of pairwise distinct elements from F* to the m matchings from Definition\^ such that for X 2 t, X 2 t+i, 
some elements A, —A are chosen for every t G {0,..., [yj —1}. Then, the resulting {A,S)-set satisfies 
B1-B3 from Lemma 0 

Proof. For every two distinct matchings, requirement B1 of Lemma [6] is trivially satisfied, and re¬ 
quirement B2 is satisfied by Lemma [71 To prove B3, let Aj = —Xj be two field elements which 
are chosen for two matchings Xi,Xj. Without loss of generality (w.l.o.g.) assume that i = 2t and 
j = 2t + 1 for some f G {0,..., [yj — 1}. 

Let {x 2 t,s,X 2 f s) be an edge in X 2 t, which implies that the (2t)-th bit of X 2 t,s is 0 and the (2t)-th 
bit of X 2 fs is 1. To prove B3, we must show that 

if {x2t,s,x'2t^s) = {X 2 t+I,u-, X 2 t+I,r) then s < - 1, M < ^/d - 1, and r > £/d - 1, and 

if {X 2 t,s, 4i+i,r) then s > £/d - 1, u<^/A-l, and r > £/d - 1. 

If {x 2 t,s,X 2 ts) = {x 2 t+i,u,X 2 t+i,r) for some u,r E {0, ...,f'/2 — 1}, it follows that the (2t)-th bit of 
X 2 t+i,s and X 2 ^_^_l g is 0. Therefore 

X2t,s = X2t+l,u £ C'({(2t, 0), (2f-|-1, 0)}) 

X' 2 ,^g = X2t+l,r e C'({(2f,l),(2f+1,0)}), 

and hence, by the dehnition of X 2 t+i (Dehnition |6]), it follows that u < i/A — 1 and r > i/A — 1. In 
addition, by the dehnition of X 2 t it follows that s < i/A — 1. 

If {x 2 t,s,X 2 t^s) = (a; 2 t+i,u) fo^ some M,r G {0,... ,1/2 — 1}, it follows that the (2t)-th bit of 

X 2 t+i,s and x' 2 tj_i s is 1. Therefore 

^2M = 4m,n e C'({(2t,0),(2f + l,l)}) 

= e C({(2i,i),(2i + I,l)}), 

and hence, by the dehnition of X 2 t+i, it follows that u < i/A — 1 and r > i/A — 1. In addition, by 
the dehnition of X 2 t it follows that s > i/A — 1. □ 

The main construction of this section is summarized in the following theorem. 

Theorem 2. Ifm is a positive integer and q > m + 1 is a prime power, then there exists an explicitly 
defined {A,S)-set C of size 2m and 2"* x 2”^ matrices over¥q, which satisfies the subspace condition. 

Proof. Let {Xi = (W, be the set of matchings from Dehnition[6l which by Lemma[71 satishes 

the pairing condition (Dehnition [3]). If g is even, then let Aq, ..., Am-i be distinct elements in F*, 
and let 

m—1 

C = U {(■4x.(A,).Sx,),(.4x;(A,),Sx;)}, (22) 

i=0 

where {Axi{Xi), Sxi), {X^x^iXi), Sx^) were dehned in Lemma [5l Since conditions B1-B3 of Lemma [6] 
are met with respect to every two matchings and their respective held elements, it follows that C 
satishes the subspace condition. 

If q is odd, let Aq, ..., A^-i be distinct elements in F* such that X 2 t = —X 2 t+i for every t G 
{0,..., [yj — 1}. Dehne C in a similar way to the one dehned in (j2^ . Conditions B1 and B2 are 
satished as in the case of an even q. Condition B3 is satished by Lemma [U and therefore C satishes 
the subspace condition in this case as well. □ 

Notice that since each repair subspace in Theorem [2] contains a basis of unit vectors, it follows 
that the resulting code has the access-optimal property (see Section 12.2p . Moreover, it is readily 
verihed that the resulting code attains the sub-packetization bound for access-optimal codes ([2]). 
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5 Construction of an MSR Code with Three Parities 


In this section we construct MSR codes with three parities using the framework mentioned in Subsec¬ 
tion [3l The size of the matrices is £ x £, where i = 3^ for some integer m. This construction requires 
that all three roots of unity of order three lie in the base held (which implies the necessary condition 
3|g — 1). If g is odd we require that q > 6m + 1 and if q is even we require that q > 3m -|- 1. As the 
roots of unity of order three play an important role in this section, recall the following properties of 
these roots, some of which can be generalized for every set of roots of unity of any order. 

Lemma 10. If q is a prime power such that 3|g — 1, then Fg contains three distinct roots of unity of 
order three 1, 71 , 72 , which satisfy 1 -l- 71 -l- 72 = 0, 7 ^ = 72 , and 7 ^^ = 71 . 

Proof. The existence of all roots of unity in Fg is a consequence of the Sylow Theorems [§, Section 
XII.5]. In addition, it is widely known that the sum of all roots of unity of any order is 0 js]. 
Chapter 2, Ex. 2.49]. The other properties follow from the fact that { 1 , 71 , 72 } is a multiplicative 
subgroup of F*. □ 

From now on we assume that 3|g — 1, and 1 , 71,72 are the three roots of unity of order three. 
Notice that this necessary condition rules out the possibility of using helds with characteristic 3. 

Proving the nonsingular property for three parities becomes more involved, since we must show 
that any 1 x 1, 2 x 2, and 3x3 block submatrix of (I7|) is invertible. Fortunately, showing that any 
1x1 block submatrix (that is, an entry in d?])) is invertible is trivial in our construction. Moreover, 
assuming that any entry of ([7]) is invertible, and that submatrices of the form 

/ A, 

I A, 

are invertible, by using block-row operation^ we have that matrices of the form 

(A Aj 

U. Af 

are invertible as well. That is, by multiplying the top row of the latter matrix by A~^ and multiplying 
the bottom row by A“^, we get the former matrix. Hence, for three parities, to show that an (A, iS)-set 
satishes the nonsingular it suffices to show the following three conditions. 


Conditions for the nonsingular property: (three parities) 


1 . 

2 . 

3. 


For all i,j G [k],i 7 ^ j, the matrix 
For all i,j G [k],i 7 ^ j, the matrix 



For all distinct i,j,t G [k], the matrix 



Ay 


is invertible. 


is invertible. 


/ A, A?\ 

/ Aj A^ is invertible. 

I A, Ay 


^The three standard block operations are interchanging two block rows (columns), multiplying a block row (column) 
from the left (right) by a non-singular matrix, and multiplying a block row (column) by a matrix from the left (right) 
and adding it to another row. 
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5.1 Three Parities from One Matching 

Recall that in SectionlU every matching Z (Definition [2]) provided an {A, iS)-set {Az, Sz), {Az', Sz'), 
where Sz is an eigenspace of Az' and Sz' is an eigenspace of Az- Later on, we added together 
(.4., iS)-sets which were defined by different matchings satisfying the pairing condition (Definition |3]). 
For three parities, we consider the natural generalization of matchings in the complete 3-unifrom 
hypergraph. 

Similarly to Section 01 this construction will rely on ^ x ^ matrices whose minimal polynomial is 
for some A G F*. All the matrices in the {A, iS)-set will be similar to the matrix A ([8]), which 
for r = 3 takes the form of 


/o 

0 

1 

0 

0 

0 ■■■ 

0 

0 

o\ 

1 

0 

0 

0 

0 

0 ■■■ 

0 

0 

0 

0 

1 

0 

0 

0 

0 ■■■ 

0 

0 

0 

0 

0 

0 

0 

0 

1 ■■■ 

0 

0 

0 

0 

0 

0 

1 

0 

0 ■■■ 

0 

0 

0 

0 

0 

0 

0 

1 

0 ■■■ 

0 

0 

0 

0 

0 

0 

0 

0 

0 ■■■ 

0 

0 

1 

0 

0 

0 

0 

0 

0 ■■■ 

1 

0 

0 

\0 

0 

0 

0 

0 

0 ■■■ 

0 

1 

0/ 


According to Corollary [T] we have the following lemma. 

Lemma 11. The matrix A is diagonalizable, with the following eigenspaces, 
1. For the eigenvalue 1, a basis of the eigenspace is 


{ (1,1,1,0,0,0, ... 

,0,0,0), 

(0,0,0,1,1,1, ... 

,0,0,0), 

(0,0,0,0,0,0, ... 

,1,1,1) }. 

2. For the eigenvalue 71, a basis of the eigenspace is 


{ (1,71,72, 0,0,0, 

.. ,0,0,0), 

(0,0,0, 1,71,72, • 

.. ,0,0,0), 

o' 

0"' 

0"' 

0"' 

0"' 

0"' 

• • ,1,71,72) 

3. For the eigenvalue 72, a basis of the eigenspace is 


{ (1,72,71, 0,0,0, 

.. ,0,0,0), 

(0,0,0, 1,72,71, • 

.. ,0,0,0), 

o"" 

O^' 

0"' 

0"' 

o"" 

0"' 

• • ,1,72,71) 


In addition, the subspace S = ( 60 , 63 , 66 ,...) is an independent subspace of A. 
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The matrices in our (^, iS)-set are similar to a constant multiple of the matrix A, and thus they 
are also diagonalizable. The structure of their eigenspaces, which follows from Lemma [TTl is as 
follows. 

Lemma 12. If P £ is an invertible matrix whose rows are po,... ,Pi-i, and M = \P~^AP for 
some A G F*, then M has the following eigenspaces, 

1. For the eigenvalue X, a basis of the eigenspace is {psi + p^i^i + P 3 i +2 \ i £ 

2. For the eigenvalue jiX, a basis of the eigenspace is {psi+yiPsj+i+ 72 ^ 31+2 | * G {0,... ,£/3 —1}}. 


3. For the eigenvalue'y 2 X, a basis of the eigenspace is {p3i+'y2P3i+i+liP3i+2 | f G {0,..., £/3 —1}}. 
In addition, the subspace S = {po,P 3 ,P 6 , • • •) is an independent subspace of M. 

We are now in a position to describe the (7l, iS)-set, of size three, that is given by a single¬ 
matching. (7l, iS)-sets that are given by a union of single-matching (7l, iS)-sets will be discussed in 
the sequel. As mentioned earlier, all three matrices of this (7l, iS)-set are similar to A. The i x i 
change matrices are defined using 3 x i constituent blocks (see ([9])) as follows. For a, (3 G F* and 
u,v,w G Fg, let 


N{a, (3, u, V, w) 



(24) 


The determinant of the 3x3 matrix in fl2T|) equals O/S- which is nonzero, and thus N{a, j3, u, v, w) 
is row-equivalent to a matrix whose rows are u,v,w, for any choice of a, ft G F*. This fact gives rise 
to the following necessary lemma, which can be easily proved. 


Lemma 13. If Z = {Z,Z',Z'') is a matching, then for any choice of a, a', a" and ft, ft', ft", in F*, 
the following matrices are invertible. 


Pz = 


Pz" = 


N{a,l3,zi,z'^,z'l) 


N{a",l3",z'f,zo,z'Q) 
N{a",(3",z'l,zi,z'^) 

\N{a", 13", z';^^_^, ze/ 3 - 1 , y 


.Pz' = 

( N{a',f3',z'Q,z'f,zo) \ 

N{a',/3',z'^,z'l,zi) 

\ 

CO 

1 

CO 

1 

CO 

1 

V 



Lemma 14. If Z = {Z, Z', Z") is a matching, then for any X G F*, the following {A,S)-set satisfies 
the subspace condition. 


Az(X) 4 A • Pz^APz, 

Sz = {Z) 

AzfX)^X-P-fAPz,, 

Sz' = {Z') 

Az'iX) = X • Pz^APz", 

Sz" = {Z") 


where a, a', a", ft, ft', ft" are nonzero field elements that will be chosen according to the field charac¬ 
teristic. 
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Proof. For convenience of notation, denote Az{\), AzfX), and Az"{X) by Az^Az', and Az", respec¬ 
tively. To prove the independence property, it follows from Lemma [T2] that for any matrix of the 
form P~^AP, where the rows of P are {po,... ,p£_i}, the subspace {po,P 3 , ■ ■ ■) is an independent 
subspace of P~^AP. Notice that the vectors in Pz that correspond to rows pi with z = 0 mod 3 are 
{ 2 : 0 , ■ ■ ■, ^£/ 3 -i}- Hence, Sz is an independent subspace of Az- Similarly, we have that Sz', Sz» are 
independent subspaces of Az',Az", respectively. Therefore, the independence property is satished. 

To show the invariance property, the eigenspaces of Az,Az', and Az", are computed according 
to Lemma WA The eigenspace of Az that corresponds to the eigenvalue 71 A is the span of vectors of 
the form p^i + yiPsi+i -|- 72 ^ 32 + 2 , for z G {0,..., — 1}, where pj is the j-th row of Pz- Therefore, 

by the dehnition of N fl2^ . we have that the eigenspace oi Az that corresponds to the eigenvlaue 
7 iA is the span of 


0<z<£/3-l| = 

0<z<£/3-l} = 

0 < z < £/3 - 1} 

and clearly, this is Sz". Similarly, we have that the eigenspace of Az which corresponds to the 
eigenvalue 72 A is Sz'- Hence, the subspaces Sz' and Sz" are invariant subspaces of Az- By identical 
arguments, it can be shown that for the eigenspace that corresponds to the eigenvalue 72 A is Sz" 

and the eigenspace that corresponds to the eigenvalue 71 A is Sz- Furthermore, the eigenspace of Az" 
that corresponds to the eigenvalue 72 A is S'^, and the eigenspace that corresponds to the eigenvalue 
7 iA is Sz'- Therefore, the invariance property holds. 

To show the nonsingular property, we show that Conditions [T]l3] are met. To prove Condition [1] it 
should be shown that lank^Az — Az") = i, Tank(Az — Az') = £, and rank(H^/ — Az") = I- To show 
that Taiak{Az — Az") = it will be proved that for all 0 < z < £/3 — 1 , {zi, 2 ;', z”} C \m.{Az — Az"). 
Since Z A Z' A Z" is a basis of F^, the claim will follow. 

By the structure of the matrix H, it can be easily verihed that if P is an invertible matrix whose 
rows are {po, • • • then 


+ 7i • \Zi- 


Q!7l 


■z'i -\r 


/S 


71-1 71-1 


+ 72 ■ + 


a 


-z\ - 




^ z'l 


7i - 1 * 71-1 

{{l + '^2 + ll)Zi + I3z'l 

WI 


and therefore. 


P3i\P ^AP = \p3i+2 

P3i+i\P~^AP = Xpsi 
P3i+2^P ^AP = Xp3i+l, 


ZiAz 


z'fA 


Z" 


xUp^-z[ 

\ 71-1 

A ( H- -Zi 

\ 71-1 
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Hence, since Sz', Sz" are eigenspaces of Az and Sz' are eigenspaces of Az", it follows that 


Zi{Az — Az") — 


ZiAz — 

X [ Zi + 


ZiAz" 
a 

7i - 1' 

A ( (1 — 72)^1 + 




^ z'' 


7i 


l2XZi 


a 


h 


z'i{Az — Az") 

Zi{Az — Az") 


7i - 1 7i 
z[Az - z[Az" = A (72 - 71 ) z[ 
z'-Az - z''Az" 


^ z'' 


= 7iA 4'-A z" + 


a 


= A 


a 


7i - 1 

which in a more convenient matrix notation becomes 


Zi + 


7i - 1 

/9"7i 


- 2 :,; - 


/5"7i 


7i - 1 


7i - 1 

z'i + (71 - ^)Zi 



(Az — Azu) = A 


A 

-72 

a. 

71-1 

Ml \ 

71-1 

( Zi 


0 

72 - 7i 

0 

■ 


a" 

/3"7i 

1—1 

1 

\z" 

V 

71-1 

71-1 

\Zi 


= A ■ <h 



(25) 


To show that Zj, z', z” G Im(H^ — H'^), it snffices to show that $ is invertible. Since A(72 — 71) 7 ^ 0, 
it is enough to prove that 


1-72 


0'n 

71-1 


71-1 


3T 71 


(26) 


is invertible. Simple calculations, which follow from the properties of 71,72 iLemma fTOl) show that 
this matrix has a nonzero determinant if and only i^ a"f3 7 ^ 9. Similar arguments show that 
rank(y4^ — Az') = and rank(y4^/ — Az") = £ if and only if a'(5” 7 ^ 9 and af5’ 7 ^ 9, respectively. 
Proper a, a', a", /5, /?', f5" will be chosen is the sequel. 

To show Condition [21 it must proved that the difference between any two squares of matrices in 
the (Al, iS)-set has full rank. Fortunately, the squares of the matrices in the (Al, iS)-set present a very 
similar behavior to the matrices themselves. That is, if we denote any matrix in the (Al, iS)-set by 
A = XP-^AF, then A^ = X^P-^A^P, and 

if vA = XjiV , then vA? = A^ 72 n, 
if vAi = A 72 n , then vA? = A^yiu. 


Hence, if Si, S 2 are the eigenspaces of A that correspond to the eigenvalues A 71 , A 72 , respectively, 
then the eigenspaces of A^ that correspond to the eigenvalues A^ 7 i,A ^72 are S 2 , Si, respectively. 
Moreover, we have that 


= A^ 


-4 + -A-,'/ 


7i - 1 * 7i - 1 * 


z''A^^„ = XUz''- 


a"ji 


Zi + 


A'‘ 


7i _ 1 7i - 1 


®Any n G N denotes the summation of n copies of the unity of the field Fg. 
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and hence, 


Zi{A\ - A\„) = y{l - 7i)z, 
zUl-Al.) = A2(7i-72)^' 
z':iAl-Al„) = A^ 

which in matrix notation becomes 

/l - 7i 


z' + ^z" 


a"7i 


7i - 1 


7i _ 1 7i - 1 


7i - 1 

z'+h2- 1)^'' 


( 27 ) 





Al|,0 = A^ 


0:71 


71-1 

0 7i - 72 

q:"71 P” 


\ 71-1 


A ^ 

71-1 

0 


7 



A a2 . ^ 



71-1 72 

As in Condition [H we show that \I/ is invertible. Snrprisingly, we have that det $ = — det \[i, and 
thns Condition [1] and Condition [2] are implied by the same reqnirements a"/3 ^ 9, a'(3” ^ 9, and 
oifi' 7^ 9. 

To prove Condition [21 first notice that the following two matrices are row-eqnivalent, provided 
that Az' — Az is invertible. 


Ill 

Az Az' Az" 

A2 a2 a2 
‘ ^Z' ^Z" J 


I I 

0 I {Az'— Az)~^{Az" — Az) 

0 0 {A^z ~ A'^z") ~ (A'^z ~ A%/){Az — Az')~^{Az — Az") 


(28) 


Therefore, Condition [3] is met if and only if the nnderlined matrix in fl28l) is invertible. Since Az" — Az 
is invertible (given a proper choice for a,... ,/3"), it follows that the nnderlined matrix is invertible 
if and only if 

L^{Al- Al„){Az - Az»)-' - (A| - A|,)(Az - 

is invertible. To show that L is indeed invertible, we show that {zi, z[, 2 ;"} C Im(L) for every 
i G {0,..., £/3 — 1}. By ([27|), and by the corresponding eqnations for A| — A|,, we have that 


A "^ZiL — (1 — 7i)2;i(A^ — Az") ^ — 

— (1 — 72)2:i(A^ — Az’) ^ + 

A" 7 'L = (71 - j2)z'(Az - Az")~^ + 


Ai{Az — Az") ^ ^ ^ AI{Az — Az") ^ 


7i - 1 

ail 


7i 


7i - 1 


z'iiAz - Az>) 


-1 


^ Zi{Az - Az') ^ 


7i - 1 


(29) 


A 


7i 


Zi{Az — Az') — (71 — l)z[{Az — Az') 


-1 


a 7i 


7i 


1 


Zi{Az — Az') 


-1 


x-A''l = 


a''ii 


/S 


7i _ 1 7i - 1 

- (72 - li)z”{Az - Az')~^ 

In matrix notation, this tnrns to 


Zi{Az — Az") ^ - -z[{Az — Az") ^ + {12 —l)z'l{Az — Az") 


-1 


A 


-2 



7i 


L = 


(l- 

0 


« 71 
\ 71-1 

72 - 1 

71-1 

0 


Q 71 

71 — 1 

7i - 72 
_ 

71—1 

Q 71 


A ^ 

71 — 1 
0 


72 


71-1 

1-71 

0 


71-1 

a '71 


71 — 1 

71 - 72 / 



{Az — Az") 


-1 


(Az — Az') . 


(30) 
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Now, using fl2^ . and the similar equation for Az — Az', the expressions 


(Az - Az') , 4 (Az - Az") 


-1 


can be given as functions of A, and the matrix <h, e.g., by multiplying fl25ll from the right 

by (Az — Azii)~^i and from the left by By performing this substitution, we have that 

may be written as 



for some 3x3 matrix T whose entries are functions of 1, 71 , 72 , a,..., P". After some tedious calcu¬ 
lations, we have that 


detT = 


72-1 


+ 27aa'a’' + 27/3/?'/3" + 729 


-3A3 (72 - l)(aa"/5/5') - 9(72 4- l)a"(3 - 9(72 -f- l)a/9' + 81(72 -4 1)’ 

We show that every possible held has a simple corresponding choice of values from { 1 , 71 , 72 } to 
a,..., P" such that the conditions det A 7 ^ 0 , a''f3 7 ^ 9,a'(3" 7 ^ 9, and a(3' 7 ^ 9 are satished. 

Case 1. If the characteristic is 2, choose a = 1, a' = 71 , a" = 71 , /S = 1, /S' = 72 , /S" = 1, and then, 

a/? = 7i.«/? =71. a/? == x^(-2T3j, - 273) = A3fa + 1) 

and since 9 = 1 ^ { 71 , 72 }, h follows that all conditions are satished. 

Case 2. If the characteristic is 7, choose a = 72 , a' = 1, a" = 1, /3 = 1, /3' = 71 , {3" = 1. Hence, 

no _ 1 ! on _ 1 nt _ 1 _ 703(1 72 ) _ 1 72 

« /? _ 1, « /3 - 1, - 1, det T - + 1 ) - a3(72 + 1 )’ 

and since 9 7 ^ 1, all conditions are met as well. 

Case 3. If the characteristic neither 2 nor 7, choose a = ... = /S" = 1, and then, 

49 ( 1 - 72 ) 


a”{3 = 1, a'(3" = 1, a(3' = 1, det T = 


12A3(72 + 1)' 


Notice that we may divide by 12 = 2^ • 3 since the characteristic is neither 2 nor 3. Since 9 7 ^ 1 
and 7 7 ^ 0, all conditions are satished. 

□ 


5.2 Three Parities from Two Matchings 

We are now in a position to describe a construction of an (A, iS)-set for three parities from more 
than one matching. In what follows we show that (A, iS)-sets which correspond to two matchings 
which satisfy the pairing condition, may be united to achieve a larger (7l, iS)-set, given a proper 
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choice of Xx,^y In the following lemmas of this subsection, X = (X, X', X"),y = (Y,Y',Y") are 
two matchings that satisfy the pairing condition (Dehnition [3]) anci3 

Cx — {{Ax, Sx), {Ax', Sx'), {Ax", Sx")}, 

Cy — {{Ay, Sy), {Ay, Sy), {Ay, Sy")}- 

Lemma 15. If C E {Ax, Ax', Ax"} then the eigenspace of C which corresponds to the eigenvalue 
Xx is of the form (^{coXi + Cix{ + C 2 x'lYjAf^'^ for some nonzero constants c{s. A similar claim holds 
for D G {Ay^Ayi^Ayii}. 

Proof. According to Lemma [I2] and Lemma [HI the eigenspace of Ax which corresponds to the 
eigenvalue is — ax{ — the eigenspace of A'^ which corresponds to the eigenvalue 

Xx is <y{3a;' — a'x'l — (3'xi]\YQ and the eigenspace of A'x which corresponds to the eigenvalue 

is — a''xi — (I”x[}YYq^^■ The claim for D is similar. □ 

Lemma [T5l together with Remark[T]and Corollary[2l implies that any eigenspace of C G {Ax, Ay, Ax"{ 
and an eigenspace of H G {Ay, Ay/, Ay»} intersect at a subspace of dimension £/9. This gives rise 
to the following lemma. 

Lemma 16. Every pair of a matrix C from Cx and a matrix D from Cy are simultaneously diago- 
nalizable. Furthermore, and are simultaneously diagonalizable as well. 

Proof. Let 81,82, and 83 be the eigenspaces of C, let 84,85, and 8q be the eigenspaces of D, and 
note since C and D are diagonalizable, we have that 81 + 82 + 83 = 84 + 85 + 8q = F^. According to 
Corollary 121 for any i E [3], we have that dim(S'inS' 4 ) = dim (S'* CIS's) = dim(S'jnS6) = il9. Therefore, 
since S 4 + S 5 + S'g = F^, it follows that Sj contributes exactly i/3 mutual linearly independent 
eigenvectors of C and D. Since S*! + 5*2 + S3 = F^, it follows that there exists i mutual linearly 
independent eigenvectors of C and D, and hence they are mutually diagonalizable. 

Now, since C and D are simultaneously diagonalizable, it follows that there exists an invertible 
matrix P, and diagonal matrices E and F, such that C = P~^EP and D = P~^FP. This implies 
that = P~^E^P and D = P~^F^P, and therefore, since the square of a diagonal matrix is a 
diagonal matrix, it follows that and are simultaneously diagonalizable as well. □ 

Lemma 17. If C and D are ixi simultaneously diagonalizable matrices with no mutual eigenvalues, 
then C — D is invertible. 

Proof. Let po, ..., pyi be a basis of mutual eigenvectors of C and D. Clearly, for alH G (0,..., £ — 1} 
we have that pi{C — D) = piC—piD = XtyPi — Xi^2Pi = {Xty — Xi^Pi, where Aj^, Xi^2 are the eigenvalues 
which correspond to pi. Since Aj^i 7 ^ A*, 2 , we have that pi E Im(C — D). Therefore, since po, ■ ■ ■ ,Pi-i 
is a basis, we have that C — D is invertible. □ 

The following lemma shows that it is possible to unite the (A, iS)-sets Cx,Cy which were con¬ 
structed using different matchings that satisfy the pairing condition (Dehnition [3]), as long as a simple 
condition regarding the chosen constants A^,, Xy is met. 

Lemma 18. //A® 7 ^ A®, then Cx U Cy satisfies the subspace condition. 

^We omit the notations of Xx,Xy for convenience. 
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Proof. Note that the invariance, independence, and nonsingular properties which involve matrices 
and subspaces from one matching follow immediately from Lemma dH It remains to prove the 
cases of the invariance property and the nonsingular property which involve matrices from different 
matchings. 

To prove the invariance property, let S G {^x, 5'x', 5'x''} and D e {Ay, Ay/, Ay//}. According 
to Corollary [2l Remark [H and Lemma [151 all eigenspaces of D intersect with S' at a subspace of 
dimension £/9. Since the eigenspaces of D are disjoint and span the entire space, it follows that S 
contains a basis of eigenvectors of D. Therefore, SD = S. A similar proof holds if S G {S'y , Sy, S'y//} 
and D G {Ax, Ax', Ax"}. 

It remains to prove Conditions [T1I2] and [3] of the nonsingular property. To prove Condition [H let 
C G {Ax, Ax', Ax"} and D G {Ay, Ay/, Ay//}. By Lemma [T6l we have that C and D are simulta¬ 
neously diagonalizable. Moreover, according to Lemma [T^ the eigenvalues of C are A^,, 71A^,, 72A3;, and 
the eigenvalues of D are \y, 71 Ay, 72Ay. Since A® 7 ^ A®, we have that {A^,, 71A^,, 72Aa:}n{Ay, 71 Ay, 72Ay} = 
0. Hence, Lemma [T7| implies that rank(C — D) = i, which implies Condition [1] of the nonsingu¬ 
lar property. Condition [2] also follows similarly - by Lemma [12] we have that the eigenvalues of 
are A^,7iA^,72A^, the eigenvalues of D‘^ are A^,7iA^,72A^, and since A® 7^ A®, it follows that 


{A^, 7iA^, 72A^} n {Ay, 7iAy, 72Ay} = 0 (see Lemma [251 in Appendix C ). Hence, Lemma [T7I implies 
that rank(C'^ — D^) = i, which implies Condition [ 2 ] of the nonsingular property. 

As for Condition [3] let Ai,Aj,At be matrices in the (A, iS)-set, which correspond to at least two 
distinct matchings. Recall that 


Aj Aj At 
A 2 42 a 2 
‘ / 


is invertible if and only if 


{K - At) - (A} - Ai){A, - Ar\At - A,) 

is invertible (see the proof of Lemma [Hj). W.l.o.g assume that Aj and Aj correspond to different 
matchings, and so do Aj and Aj. According to Lemma [T6l we have that Aj commutes with Aj and 
Aj. Hence, 


(At - At) - {At - At){A, - Ar\At - A,) = 
(Aj -|- Ai)(Aj — Aj) — {Aj + Aj)(Ay — Aj)(Aj — Aj) ^(Aj — Aj) = 

(Aj -|- Aj)(Aj — Aj) — {Aj + Aj)(Aj — Aj) 

Multiplying from the right by (Aj — Aj)“^, which exists by Condition [T] yields, 

(Aj -|- Aj) — {Aj -(- Aj) = At — Aj 

which is invertible by Condition [TJ 


□ 


5.3 Construction of Matchings for Three Parities 

In this subsection we present a set of matchings {Aj}jg[m] such that any two satisfy the pairing 
condition, and construct the resulting (A, iS)-set. Recall that each vertex in the complete 3-unifrom 
hypergraph Kf is represented by a unique unit vector of length £. For convenience, we describe 
this set of matchings by considering vertex Cj as the integer i in its ternary representation. The 
construction of a proper set of matchings relies on the following dehnition, which is the three parity 
equivalent of Dehnition [5] 
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Definition 7. Given an integer i G [m] and a value b G {0,1, 2}, the ternary cube C{i, b) is the set 
of all length m vectors over {0,1, 2} that have b in entry i. That is, 

C{i,b) 4 {x G {0,1,2}”^ \xi = b}. 

For convenience, we consider the elements in a ternary cube as ordered according to the lexicographic 
order (see Example\^ below). 

Example 3. If m = 3 then the ternary cube C{2, 2) is the set {ui,..., ug} such that 

{vi,...,vg) = (020, 021, 022,120,121,122, 220, 221, 222). 

Definition 8. For any m eN, define m matchings {iY = (Xj, X', as follows 

(X, = C{t, 0 ) 

X, : i X' = C(^, 1) 

[xi' = C{t, 2 ). 

Lemma 19. The matchings from Definition\^ satisfy the pairing condition. 

Proof. Let A) = (Xj, X', X"), = (Xj,X),X") be two distinct matchings. To show that these 

matchings satisfy the pairing condition, we must show that any edge from Aj is contained in either 
of Xj,X',X". Let {xt,x[,x'() be an edge in Aj for some t G [1/3]. By Definition [8], we have that 
Xt,x[, and x'/ have the same value in every entry other than entry i, and {xt)i = 0, {x'f)i = 1, and 
{x'/)i = 2. Hence, the j-th entry of Xt, x[, and x'/ is equal, and hence {xt, x[, x'/} is contained in either 
of Xj,X),X” as required. The other direction is symmetric. □ 

We conclude with the following theorem. 

Theorem 3. If m is a positive integer, and q is a prime power such that 

1. if q is odd, then 3\q — 1 and q > 6m + 1, 

2. if q is even, then 3|g — 1 and q > 3m + 1, 

then there exists an explicitly defined {A,S)-set Ci of size 3m and 3™ x 3”^ matrices overWq, which 
satisfies the subspace condition. 

Proof. Let {Aj = (Xj, X', X")}jg[m] be the set of matchings from Definition IH which by Lemma [19] 
satisfies the pairing condition (Definition |3|). Let {Aj}jg[m] be any set of distinct nonzero elements of 
¥q such that A® ^ A® for any i ^ j. Notice that the existence of such set is guaranteed in fields of 
either odd or even characteristic. The former is due to g > 6m + 1, where the latter is due to the 
fact that A® = A® if and only if Af = ±A|, which implies \) = A^ in fields with even characteristic, 
and thus q > 3m + 1 suffices. For any Aj, i G [m], define the code 

Cxi = {(^x(Aj), Sx)i (^x'(Aj), Sx')-, (Ax''(Aj), S'x")} 

as defined in Lemma HU and let Ci = Ujg[m]C';t'.. Notice that in Ci, Condition [3] of the nonsingular 
property might involve matrices from three different matchings, rather than two, as was considered 
in the proof of Lemma HHl However, the proof of Condition |3] in Lemma [18] requires two pairs of 
matrices among {Aj, Aj, A*} to belong to distinct matchings, in order for the resulting 3x3 matrix 
to be invertible. This requirement is trivially satisfied also when considering matrices from three 
different matchings. Hence, since the pairing condition is satisfied, and since A® 7^ A® for all i ^ j, it 
follows by Lemma [18] that C satisfies the subspace condition. □ 
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6 An Improved Construction over a Larger Field 

In this section, a construction with r = 3 and fc = (r + l)m = 4m is presented. This construction 
requires a field larger than the one in Section |5l yet still linear in m. This construction is comparable 
to 1 1511 in terms of the parameter k, but outperforms it in terms of explicitness and field size. As 
in [l5|, the construction considered in this section is not access-optimal, and is not known to achieve 
the sub-packetization bound. The ideas behind the construction follow the outline described in 
Section [3l 

6.1 A Code from One Matching 

A matching Z = {Z, Z', Z") will provide an (A, iS)-set of size r -|- 1 = 4, denoted by 


(A^, Sz), (Az', Sz'), (A^//, Sz"), (Az*, Sz*)- 

As in Section [5l we assume that 3|g — 1 in order to have three roots of unity of order 3, denoted 
by 1 , 71 , 72 . The matrices in this construction are of the form P~^AP, where A was defined in ([23]). 
The matrices P, as in (|9|), consists of constituent 3x i matrices which are defined using the following 
operator N. For u,v,w E F^, let 


/l 1 l\ / u\ / u + v + w \ 

N{u,v,w) = 1 72 7i = u + 'y 2 V + 'liU! ■ (31) 

\1 7l 72/ \wj \U + JiV +'J2W J 

Notice that the 3 x i matrix N{u,v,w) is row equivalent to a matrix whose rows are u,v,w, since 
N{u,v,w) is defined as the multiplication of a matrix whose rows are u,v,w by a Vandermonde 
matrix (since 7^ = 72 and 7^ = 72). 

Lemma 20 . If U is a basis o/F^, then the matrix P~^AP, where 

/ V(mo, Vo, Wo) \ 

p = , 

y^N{u£/ 3 _l, ^ 73 - 1 , Wi/ 3 _i)j 

has eigenspace for the eigenvalue 1 , eigenspace for the eigenvalue 

7i, and eigenspace for the eigenvalue ^2- In addition, the subspace (^{ui + Vi + WiYiY^^ 

is an independent subspace. 

Proof. According to Lemma [T21 the matrix P~^AP, where the rows of P are po, ■ ■ ■ ,Pi-i, has the 
following eigenspaces. 

1. For the eigenvalue 1, a basis of the eigenspace is 

{P3i + P3i+1 + P3i+2 I i G {0,..., £/3 - 1}} = 

{{ui + Vi + Wi) -f {ui -F '^2Vi + '^iWi) -f {ui -f 7ini -t- 72tCi) | i G {0,..., //3 - 1} = 

{3ui -F (1 -F 7 i -f 72 )^* -h (1 7i + l2)wi I i G {0,..., //3 - 1} = {3uiYYo^ 
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2. For the eigenvalue 71 , a basis of the eigenspace is 


{P3i + 7lP3i+l + 'l2P3i+2 | f € {0, . . . , £/3 — 1}} 
{{Ui + Vi + Wi) + 7i(Mi + 72^* + '^iWi) + 72(m* + 'yiVi + 72 ^*) | i G {0,..., £/3 - 1} 
{3ni + (1 + 7i + 72)Mi + (1 + 7i + 72)taj | i G {0 ,..., £/3 - 1} 


{3ni} 


73-1 

i=0 


3. For the eigenvalue 72 , a basis of the eigenspace is 

{P3i + 72P3i+l + 7lP3i+2 I f G {0,. .., £/3 - 1}} 
{{ui + Vi + Wi) + 72(Mi + 72^* + 7iw^j) + li{ui + 7i^^i + l2Wi) I i G {0,. .., £/3 - 1} 
{3wi + (1 + 7i + 72)rti + (1 + 7i + 72 )^* | i G {0,..., £/3 — 1} 


{3wj} 


73-1 

i=0 


In addition, by Lemma [12] we have that (^{ui + Uj + WiYJ^q j is an independent subspace. □ 

Similarly, we have the following claim about matrices of the form P~^A^P. 

Lemma 21. If U {viY/Jo'^ 'is a basis o/F^, then the matrix P~^A^P (where P 

was defined in Lemma, \WKl has as an eigenspace for the eigenvalue 1, as an 

eigenspace for the eigenvalue ■yi, and as an eigenspace for the eigenvalue ’^ 2 - 1"^ addition, 

the subspace (^{ui + Vi + WiYJYfi^'^ is an independent subspace. 

Proof. According to Lemma l20l for each i, 0 < i < i/3 — 1, we have that 


Ui ■ P-^A^P 
Wi ■ P-^A^P 
Vi ■ P-^A^P 


Ui ■ {P-^AP) ■ {P-^AP) 

Ui ■ {P~^AP) = Ui 
Wi ■ (P-^AP) ■ (P-^AP) 

72tai ■ {P~^AP) = 'ylwi = 71^* 
Vi ■ (P-^AP) ■ (P-^AP) 

7i7 • (P-'^AP) = -ilvi = 72^*. 


To see that S = (^{ui + Vi + WiY/J^ is an independent subspace of P ^A^P, recall that by 

Lemma [20l we have that S is an independent subspace of P~^AP, namely, S + S{P~^AP) + 
S{P~^A^P) = Fqf. Since the minimal polynomial of A is — 1, we have that P~^A^P = P~^AP. 
Hence, 

S + S{P-^A^P) + S{P-^A^P) = S + S{P-^A^P) + S{P-^AP) = fJ, 
and therefore S is an independent subspace of P~^A^P as well. □ 

Recall that the matching Z consists of the edges {{zi, z[, z'l}YiYfi^ . The following invertible 
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matrices are used in the construction. 


Pz = 

Pz' = 

Pz" = 

Pz* = 


( iV(zo + 4 + 4'> -4) ^ 

y^(2^£/3-l + ^£/3-l + ~^£l3-l) / 

( iV( — 2q, —Zq, Zq + z'q -h Zq) ^ 

(-z'//^_^, -Ze/3-l, Z^/3-i + 2 :£/ 3 _i + P//3_i) J 



^0 + pQp 4 ) 

-Zo) ^ 

1 

CO 

1, Zi/3-i + + 2:£/3_i, 

-Z£/3-\) ) 

/ N{z3, 

4^ 4) ^ 



4- 

CO 

1 

CO 

1 



Definition 9. For a matching Z = (Z, Z', Z") and any distinct nonzero field elements Xz, Xz', Xz", 
and Xz*, let 


Az^Xz- P^APz, 
Az' — Xz' ■ P4APz'-, 
Az" — Xz" ■ Pzi^APz", 
Az* — Xz* ■ Pz*APz*, 


Sz ^ (Z) = ({^,}S-') 
Sz, A {Z') = 

Sz” = {Z") = ({ 4 '}fct‘) 

Sz* — 


In the following we show that in a large enough field, there exists a choice of field elements 
Xz,Xzi,Xz",Xz* such that the (^, iS)-set in Definition [9] satisfies the subspace property, and this 
choice can be done efficiently. Our choice will satisfy that Xz' = A^-h, Xz" = Xz-h"^, and Xz* = Xz-hfi 
for some h e¥*. A suitable value of h and Xz will be chosen at the end of the proof of the following 
theorem. 


Theorem 4. If q is large enough (yet independent of m), then there exists a choice of values 
Xz, Xz>, Xz", Xz* such that the {A,S)-set from Definition\^ satisfies the subspace condition. 

Proof. By Lemma [201 we have the following table. 


Table 3: Eigenspaces of Az,Azi,Az", and Az*. 



Eigenspace for A 

Eigenspace for A71 

Eigenspace for A72 

Independent subspace 

Az, A = 

Sz* 

Sz' 

Sz» 


Az', X = Xz' 

Sz" 

Sz 

Sz* 

Sz' 

Az", X = Xz" 

Sz' 

Sz* 

Sz 

Sz" 

Az*, X = Xz* 

Sz 

Sz» 

Sz> 

Sz* 
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and hence, the independence and the invariance properties hold. 

To show the nonsingnlar property, assume for now that h is chosen such that every distinct Ai, A 2 
in {A^, A^/, A^//, A^*} = {A^, A^ ■ h,Xz ■ h?,Xz ■ h^} satisfy 7 ^ A®. Notice that this requirement 
implies that h®, 7 ^ 1 . A specihc choice of h which satishes this condition, as well as additional 

conditions that will emerge in the sequel, will be shown at the end of this proof. 

We hrst show that the difference between any two matrices is of full rank. We show that Az — Az' 
is of full rank, and the rest of the cases, which are similar, are given in [Appendix A[ Notice that 


z'liAz - Az') 
{zi + z\ + z”){Az - Az') 
Zi(Az — Az') 


= (Az72 — Xz’)z" 

= {Xz - Xz'l2){zi + z[ + z”) 

= Az {zi + (1 - 7i)a' + (1 - 72)a") - 

= (Az — Az'7i)^i + Az(l — 7 i)a^ + -^^(1 ~ 12 )^”^ 


which is equivalent to 


Zi + z[ + z'l I ■ (Az — Az') — A^ 


and since 


Zi + z[ + z'- 
Zi 


we may write 


0 0 72 — h 

1-/172 1-/172 1 - /i 72 

1 - /i7i 1 - 7i 1 - 72 





T 0 1' 

(Az — Az') = Az • j 1 1 1 
1 0 0 , 


-1 


■<l>(/i) • 



(32) 


To show that Zi,z[,z'l G Im(Az — Az') it suffices to show that det $(/;,) 7 ^ 0 . Since 72 7 ^ /i 
(otherwise, /i® = 1 ), it follows that det $(/?-) is nonzero if and only if 


(1 - /i 72) • (1 - 7i) ^ (1 - h^2) ■ (1 - /i7i), 


which also follows easily from the fact that ^ 1. 

To show that the difference between any two squares of matrices is of full rank, notice that by 
Lemma [ 2 TI we have the following table. 


Table 4: Eigenspaces of A|, A|,, A|„, and A|*. 



Eigenspace for A 

Eigenspace for A 71 

Eigenspace for A 72 

Independent subspace 

A|, A — A| 


Sz" 

Sz' 

^z 


Sz" 

Sz* 

Sz 

Sz' 

A|„,A = A|„ 

Sz' 

Sz 

Sz* 

Sz" 

^%*i ^ — ^‘z* 

Sz 

Sz' 

Sz" 

Sz* 
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We show that y4| 


Al, 


is of full rank. 


in 


Appendix B Notice that 


The rest of the cases are similar, and are given 


^"(^1 - ^10 
Zi{A?z 


^Z' 


which may be written as 


(A|7i - A|0 a" 

(A|-A|,7i)(;^* + ;^' + 4') 

^\{Zi + (1 — 72 ) 2 :^ + (1 — 71 ) 2 :") — y?zi^ 2 Zi 

\\{Zi + z[ + z'l) - - y?zl^z” - \ln 2 Zi, 


( z'l \ / 0 0 7i-/^^\ 

+ z[ + z'l\ ■ (A| - A\,) = A| 1 - ^271 1 - 1 - h 27 i 

\ Zi J \1 - h‘^'j2 1-72 1 - 7i / 



= A| • ^{h) 



To show that z*, z', z” G Im(A| —A|,) it suffices to show that det T(h) 7 ^ 0. Since 71 7 ^ (otherwise, 
h® = 1 ) it follows that det T(h) is nonzero if and only if 


(1 - h^7i) ■ (1 - 7^ (1 - h^li) ■ (1 - 72), 


which also follows easily from the fact that h® 7 ^ 1 . 

To show that Condition [3] of the nonsingular property (i.e. that any 3x3 block submatrix of the 
non systematic part of the generator matrix is invertible, as mentioned at the beginning of Section [5]), 
we must show that the following matrices are invertible 


V{Z, Z', Z") = 
V{Z, Z", Z*) = 


'I I I \ 

Az Az' Az" I 

42 42 42 / 

Z\zi 

/ / / \ 

Az Az" Az* 
42 42 42 / 

■^z Z±Z" / 


(I I I\ 

V{Z, Z\ Z*) ^ Az Az^ Az. 

Va| A|, AlJ 


V{Z', Z", Z*) = 



I 

Az" 

A|„ 



Using elementary block row operations, we have that V{Z, Z', Z") is invertible if and only if 


(I I I 

j 0 / (Az' — Az) ^(Az» — Az) 

\0 0 {A% — A\„) — {A\ — A\,){Az — Az>)~^{Az — Az») 

is invertible. Clearly, this matrix is invertible if and only if 

Li 4 (A| - A|,0(Az - Az»)-' - (A| - A|0(Az - AzO"' 

is invertible. Similarly, V{Z, Z', Z*), U(Z, Z", Z*), and U(Z', Z", Z*) are invertible if and only if 

L 2 4 (A| - A|0(Az - Az.)-' - (A| - A|,)(Az - AzO"' 

L, 4 (A| - A|.)(Az - Az.)-' - (A| - A|„)(Az - Az^O”' 

T 4 4 (A|/ — A|,)(Az' — Az*) ' — (A|/ — A|//)(Az' — Az") ' 
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are invertible. To show that Li, L 2 , T 3 , and L 4 are invertible, we show that the image of each of them 
contains Zj, z', z” for alH G {0,..., — 1}. Notice that by Table HI 


{zi + z[ + z'l)Li 


ZiLi 


z'L 


1 


+ z':){Al - Al„){Az - Az^,)-^ - 
{z, + z[ + z'l)[Al-Al,){Az-Azr" 

(^z ~ ^Z" 72 )(zi + z' + z'- ){Az - Az")~^ - 
{\l-\W){z. + z[^z':){Az-Azr^ 

Zi{A\ — A\„){Az — Az")~^ — Zi{A\ — A\,){Az — Azi)~^ (33) 

(Al(zi + z' + z'') - A|72z' - A|7iz" - A|»7i^i) (Az - Az-)~^ - 
(Al(zi + z' + z") - y?zl2z\ - A|7izf - A|, 722 :i) (Az - Az')~^ 

^'(Al - Al„)(Az - Az^r' - z'(Al - Al,)(Az - Az^' = 

(AI 72 - Al„)z'(Az - Az")~^ - 

(A|/(72 - 7 i)^i + (^z 72 - A|/7i)^' + A|,(l - 71)2:") (Az - 


which can be written as 
Zi + z!- + z'' 


Zi 


= A| I Ui,i(h) ■ \ z'\ (Az - Az'O”' + Ui, 2 (h) 


Notice that the values of 



1 - h '^72 1 - h^72 1 - ^'^72 

Li = A| I 1 - h'^ 7 i 1-72 1 - 7i 

0 72 — 0 

/ 1 - ^271 1 - ^^72 1 - ^271 

+ A| 1 - ^272 1-72 1 - ^^72 

\h^(72 - 7i) 72 - h'^h ^^(1 - 7i) 


(Az — Az") 


-1 


(Az — A 



Z' 


A 




Z', 





A 


Z’ I 


\-i 



4 (Az — Az") 


-1 


(34) 


may easily be computed from fl3^ and the equivalent equation for (Az — Azu). Inspecting ([32]), we 
observe that 


/o 

xf-m-A (1 

and hence we may write 

( I (A 

\ z" / 



- Az.)-' = Az'C(ft)-‘ ■ 1^4 j . 


for some matrix C(h) which depends only on h. Similarly, 


1^4 j (Az - Az'O”' = ■ 
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for some matrix D{h) which depend only on h. Therefore, (l3T|) can be rewritten as 


z'. z'!\ 

k jL, = Xz {U,,,{h)D{h)-^ + Ui, 2 {h)C{h)-^) 



= AzTi(h) • 





where Ti(h) is a 3 x 3 matrix whose entries are functions of h. Note that since any entry in f/i i(h), 
Ui^ 2 {h), C{h) and D{h) is a polynomial of degree at most 6 in the variable h, it follows that any 
entry in 'Ti{h) is a rational function (that is, a division of polynomials) in h, in which the degree 
of the enumerator and denominator polynomials is some small constanl@. Similarly, it can be shown 
that there exist T 2 {h),Ts{h),'T 4 {h), which correspond to L 2 ,L^,L 4 , whose entries are divisions of 
polynomials in h of small constant degree. To show that Condition [3] is satished, it suffices to show 
that det Tj(h) ^ 0 for alH, 1 < i < 4. A proper held constant h, for which non of these determinants 
vanish and h®, ^ 1, can be found by denoting 


det Ti{h) 


Qi,i{h) 

Q^,2{hy 


and considering the polynomial 


Q{h) ^ (h® - . g. _ 

i=l 


Clearly, ii q > degQ + 1, a nonzero h such that Q{h) ^ 0 can be found by polynomial factorization, 
and since degQ is constant, the proof is complete. □ 

This theorem showed that a single matching provides an (^, iS)-set of size four, satisfying the 
subspace property, over a held of constant size. In the next subsection it will be shown that by 
taking q to be at least linear in m, (^, iS)-sets from diherent matchings, that satisfy the pairing 
condition in pairs, may be united without compromising on the subspace property. 


6.2 A Code from Two Matchings 

In this subsection it is shown that (A, iS)-sets that were constructed from diherent matchings may 
be united, as long as the pairing condition holds. In the remaining part of this subsection, let 
A = {X, X', X"),y = (Y,Y',Y") be two matchings which satisfy the pairing condition, and let the 
resulting (A, iS)-sets be as in DehnitionlD 

Cx — {{Ax, Sx), {Ax', Sx'), {Ax", Sx"), {Ax*, Sx*)} 

Cy — {{Ay, Sy), {Ay/, Sy'), {Ay", Sy")-{Ay*, Sy*)}- 

The required values of Ax , Ay which are involved in the dehnition of these (A, iS)-sets will be discussed 
in the sequel. 

Lemma 22. If C G {Ax, Ax>, Ax", Ax*{ and D G {Ay, Ay/, Ay//, Ay*}, then C and D are simulta¬ 
neously diagonalizable. Furthermore, and D'^ are simultaneously diagonalizable. 

Proof. Follow the exact outline of the proof of Lemma [161 n 

®This may be easily seen as a result of the well-known formula M~^ = adjM/detM, where adjM is the adjoint 
(or adjucate) matrix of M. 
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Recall that the dehnition of an (^, iS)-set from a single matching involved the choice of two held 
constants \z and h. In what follows we nse the same h for all matchings, and choose proper distinct 
valnes for the constants which correspond to \z- The next lemma is reqnired for the construction. 

Lemma 23 . If \x and Ay are two nonzero field elements such that Ay ^ {A^, A^h^®, 
and 


Ai €{Ax, Ax', Ax", Ax*} —{Ax, Axh, Axh^, Axh^}, 
A2 ^ {-^y. Ay', Ay", Ay*} = {Ay, Xyh, Ay/l^, Ay/l^}, 

then 


{Ai, Ai 7 i, Ai 72 }n{A 2 , A271, A272} — 0 , 

{•^ 1 ; ^i72, Ai7l}n{A2, A 272 , A 271 } =0. 

Proof. We hrst show that A® 7 ^ A®. Assume for contradiction that A® = A®. By the dehnition of Ai 
and A 2 , there exists G {0,1, 2, 3} such that Ai = Ax ■ h* and A 2 = Ay • hfi Since A® = A®, it 
follows that Xx ■ = -^y ‘ ^ hence Ay = A|- • Since i,j G {0,1,2,3} it follows that 

6{i — j) G {0, ± 6 , ±12, ±18}, and therefore Ay G {A|^, X\h^^, Xxh^^^}, a contradiction. 

Now, if {Ai, Ai 7 i, A 172 } n {A 2 , A 271 , A 272 } 7 ^ 0, then there exists i,j G {0,1, 2} such that A 17 ]; = 
A 27 }, and hence. A® = A®, a contradiction. Similarly, if {Ay A^ 72 , A^ 7 i} fl {A^, A 271 , A 271 } 7 ^ 0, there 
exists i,j G {0,1, 2} such that A^ 7 { = A^y}, and hence. A® = A® as well, a contradiction. □ 

Lemma [2^ and Lemma [23] enable an easy choice of held elements, which induce distinct eigenvalues 
for the simultaneously diagonalizable matrices that correspond to distinct matchings. These distinct 
eigenvalues, together with the simultaneous diagonalizable matrices, will assist the proof of the 
following lemma, from which the construction will follow. 

Lemma 24. If the field constants Ax, Ay satisfy 

A^^{A^,A^h±®,A^/^±l^A^h±l«}, 

then Cx U Cy satisfies the subspace condition. 

Proof. Since each of Cy and Cy satishes the subspace condition separately, we are left to show the 
parts of the nonsingular property and the invariance property which involve matrices and subspaces 
from diherent matchings. 

To prove the invariance property, for any C G {Ax, Ax', Ax", Ax*} and any T G {Sy, Sy>, Sy, Sy*} 
we must show that TC = T. Let Si, S2, S3 G {^x, Sx', Sx", *S'x*} be the eigenspaces of C. It follows 
from Corollary 12] that dim(S'j ClT) = i/9 for all i G [3]. Therefore, since S'! ± 5*2 ± S '3 = F^, it follows 
that there exists a basis ti, ... ,ti /3 of T in which all vectors are eigenvectors of C. Hence, for all 
i G [£/3] we have that UC G T, and thus TC = T. The inverse case, where C G {Ay, Ay/, Ay//, Ay*} 
and T G {5'x, Sx', Sx", *S'x*}, is symmetric. 

To prove the nonsingular property, let C G {Ax, Ax', Ax", Ax*} and D G {Ay, Ay/, Ay//, Ay*}. 
According to Dehnition [HI the eigenvalues of C are A^, A^yi, and Xc 72 for some 

Ac £ {Ax, Xxh, Axh^, Axh^}, 

and similarly, the eigenvalues of D are Ac, Ac 7 i, and Ac 72 for some 


Ac G {Ay, Xyh, Xyhf, XyhSfi 
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By Lemma [23l and since Ay ^ {Al-, A|-/i^®, it follows that 

{•^c, ^clii Ac72}n{A£), XdIii Ad72} =0 
{-^C) -^c 725 '^c7i}hl{A|), A^7 i, A^7i} =0, 

that is, C and D have no eigenvalue in common, and and have no eigenvalue in common. 
Since Lemma |22] implies that C and D are simultaneously diagonalizable, and so are C‘^ and it 
follows by Lemma ITTI that C — D and are invertible. 

We are left to prove that any 3x3 block submatrix is invertible. Let Ai, Aj, A^ be three matrices 
from Cx A Cy such that A^ and Aj are not from the same matching, and so are A^ and A^. Recall 
that, as in the proof of Theorem HJ the matrix 

// / /\ 

I Ai Aj Ak 
Vl A] AlJ 

is invertible if and only if 

L^iA^- Al){A, - A,)-^ - (A^ - A^^)iA, - A,)-' 

is invertible. Notice that by Lemma l2^ Ai and Aj are simultaneously diagonalizable, and hence they 
commute. In addition, so are Ai and Ak- Therefore, 

L = {A^-Al){A-Ak)-^-{A^-A^^){A-A,)-^ 

= Ai Ak — Ai + Aj = Ak — Aj, 


and hence L is invertible. □ 

We conclude in the following theorem, in which Q is the polynomial which was mentioned in the 
proof of Theorem 01 

Theorem 5. If q > max{42m, degQ} + 1, and {A = [Xi, X[, is the set of matchings from 

Definition\^ then the {A,S)-set C 2 = A^^Cxi satisfies the subspace condition. 

Proof. Since q > degQ + 1, it follows that there exists h e F* such that Q{h) 7^ 0. Therefore, 
by Theorem 01 we have that the (7l, iS)-sets Cxi satisfy the subspace condition separately. Since 
q > 42m + 1, the held elements {Axi}™! may be chosen such that every Xxi, Xxj satisfy Ay^, ^ 
{A^., Ay Ay.h^^^, Ay.h^^®}, since the choice of any Ax^ excludes the choice of at most 42 other 
held elements, which constitute the roots of 7 polynomials of degree 6. Notice that a proper set 
{Xxf\fLi may be found explicitly using a simple iterative algorithm that maintains a feasible set 
of elements - in each iteration it arbitrarily chooses the next element Ax^ from it, and removes all 
elements e which satisfy e® G {Ay., Ay.h^®, Ay.h^^^, Ay.h=*^^®}. □ 
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Appendix A 

To show that Az — Az* is of full rank, notice that 

z'i{Az — Az*) = (A 271 — \z*'l2)z[ 

^i{Az — Az*) = — ^z*li)z" 

Zi{Az — Az*) = {zi + (1 — 7i)^i + (1 “ l2)z”) — \z*Zi 

= {\z — y^z*)zi + \z{I — li)z'i + Az(l — 72)^^ ( 35 ) 

Since A^7i 7^ Az*72 and \z'l2 7^ Az*7i, we have that z[,z” G \yii{Az — Az*). Therefore, it follows 
from fl 35 l) that Zi G \m{Az — Az*), since \z 7^ A^*. 

To show that Az — Az" is of full rank, notice that 

z'i{Az — Az") = {Xzli — ^z")z[ 

[zi + + z'f){Az — Az") = {Xz — Xz"'yi){zi + + z'f) 

Zi{Az — Az") = Xz {Zi + (1 — l\)z\ + (1 — l2)z'l) — Xz"'j2Zi 

= Xz(zi + z' + z”) - Xz'tiz'i - Xz^ 2 z !1 - Xz"'l2Zi ( 36 ) 

Since A^7i 7^ Xz" and A^ 7^ Xz""^!, we have that z[,Zi-\-z[-\-z'l G Im(A^ —A^//). Therefore, it follows 
from (j 36 ll that Xz'^2z'l + Xz"^2Zi G Im(A^ — Az*). To show that Zi, z\, z” G Im(A^ — Az") it suffices 
to show that Xz'^2 7^ Xz"'^2, which also follows from A| 7^ A|//. 

To show that Az' — Az" is of full rank notice that 

Zi{Azi — Az") = (Az'7i — Xz"'^2)zi 

{Zi + z[-\- z'l){Azi — Az") = {Xz''l2 — Xz"'^\){Zi Zr z[-\-z”) 

z'(A^/-A^//) = A^/((72 - 71)2;*+ 72 ^'+ (72 - 1 )a") - 

= Xz''^2 [zi + + z'f) — Xz/'^iZi — Xz'z” — Xz"z[ ( 37 ) 

Since Az/71 7^ Xz"^2 and Az/72 7^ Az/'7i, we have that Zi,Zi + z' -j- z” G Im(A^ — Az"). Therefore, 
it follows from (l 37 |) that Xz'z'f + Xz"z[ G Im(A^ — Az*). To show that Zi,z[,z'l G Im(A^ — Az") it 
suffices to show that Xz' 7^ A^//, which also follows from A|, 7^ A|//. 

To show that Az' — Az* is of full rank notice that 

Zi^Az'— Az*) = {Xz'^x — Xz*)zi 
z'iiAz' — Az*) = (Xz' — Xz*ji)z" 

z'(Az'-Az*) = Xz'((72-71)Zi + 72z' + (n'2-^)Zi)-Xz*72z' 

= Xz'(72 — 7i)Zi + (Xz'72 — Xz*72)z'- h Xz'(72 — I)z'' ( 38 ) 

Since Az'7i 7^ Xz* and Xz' 7^ Xz*7i, we have that Zi,z'' G \yii(Azi — Az*). Therefore, it follows 
from fl 38 l) that z[ G \m.(Az' — Az*), since Xz'72 7^ Xz*72. 
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To show that Az" — Az* is of full rank notice that 


Zi{Az" — Az*) — — ^z*)zi 

z'i{Az" — Az*) = {Xz" — Xz*'^2)z'i 

z'l{Az" - Az*) = \z” {,{,li-l2)zi +{'^i-l)z[ + ^iz") - Xz*liZi 

= Xz"{li - 72)zi + Xz"(7i - ^)Zi + (Xz^ji - Xz*7i)z- (39) 

Since Xz"'y 2 7 ^ Xz* and Xz" 7 ^ Xz*^ 2 -, we have that Zi^z[ G Ymi^Az" — Az*)- Therefore, it follows 
from fl39ll that z\ G \m{Az" — Az*), since Xz"'ji 7 ^ ^ 2 * 71 . 


Appendix B 

To show that is of full rank, notice that 

^'(^ 1 - 4 *) = (A |72 - A|* 7 i)^' 
z'Ml-Al.) = (A| 7 i - A|. 72 )< 

Zi{A‘^z ~ ^ 1 *) = X'^zi^i + (1 — 72 )^) + (1 “ 7 i) 2 ^f) “ A|»^j 

= (A| - + A|(l - 72);^' + A|(l - 71)^" ( 40 ) 

Since AI72 7^ A|*7i and A|7i 7^ A|*72, it follows that Zi,z'/ G Im(74| — ^l*)- Therefore, (HHll implies 

that Zi G Im(74| — A|»), since A| 7^ A|*. 

To show that y 4 | — AA^h is of full rank notice that 

^'(Al|-Al|,0 = (A|72-A|„)^' 

(z, + z' + z'l) (All - Al |,0 = (A| - A|„72) (;^* + + z'l) 

Zi[A^z - ^Z") = A|(^i + (1 - 72 )^) + (1 - l^z”) - X\„-ixZi 

= X\{zi + z[ + z”) - A|72^' - A|7i^" - A|„7iZi ( 41 ) 

Since AI72 7^ A|// and A| 7^ A|//72, it follows that z[,Zi + 2;' + z'l G Im(y 4 | — v 4 |,). Therefore, fjTTll 
implies that X^'yiz” + A|//72^i G Im(74| — v 4 |,,). Hence, to have that Zi,z'^,zl G Im(H| — H|,), it 
suffices to show that A|7i 7^ A|,,72, which is implied by A| 7^ A|,,. 

To show that y 4 |, — H|„ is of full rank notice that 

Zj(H|/ — H.|//) = (A |/72 — A|// 7 i)'^i 

{ z .^ z ',^ z ' l ){ Al ,- Al .) = (A|, 7 i-A|„ 72 )(^. + ;^' + <) 

^i(Al|'- Al|„) = A|, (( 7 i- 72 )^i + 7 i 2 :' + ( 7 i-l)^")-A|„ 2 ;' 

= A|,7i(zi + 2:' + z'l) - X\,^2Zi - y?z'^'l ~ X\„z'^ ( 42 ) 

Since A|,72 7^ A|,, and A|,7i 7^ A|,,72, it follows that Zi, Zi + z'^ + zl G Im(Al|, — a 1 |,). Therefore, flT 2 l) 
implies that A|,2;" + A|,,m' G Im(H|, — H|„). Hence, to have that G Im(H|, — H|,,), it 

suffices to show that A|, 7^ A|,,, which is implied by A| 7^ A|,,. 

To show that H|, — H|» is of full rank notice that 

Zi{A^, — A^;*) = (A^/72 — Xz*'yi)Zi 

zl{Al,-Al.) = (A|, - A|* 72 )m'' 

^i(^l'~^l*) = A|/((71 — 72)2:1 + 712:'+ (71 — 1)2:") “ A|*7 iz' 

= A|,(7i-72)2;i + (A|,7i-A|.7i)2;' + A|,(7i-l)2'' ( 43 ) 
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Since A|,72 7^ A|*7 i and 7^ A|*72, it follows that Zi, z” G Ini(y 4 |, — v 4 |«). Therefore, fj 43 ll implies 
that m' G Im(74|, — A|»), since A|,7i 7^ A|,7i. 

To show that y 4 |„ — A\, is of full rank notice that 

= (A|„-A|*7i)4 

z':{A%,-Al.) = A|„((72-7i)^* + (72-1);^' + 72<)-A|.72< 

= A|„( 72 - 7 i)zi + A|„( 72 -l)z' + (A|„ 72 -A|. 72 )z" ( 44 ) 

Since A|„7i 7^ A|» and A|„ 7^ A|.7i, it follows that Zi^z[ G Im(y 4 |„ — A|»). Therefore, fl 44 )) implies 
that z" G Im(74|, — v 4 |*), since A|„72 7^ Al.72. 

Appendix C 

Lemma 25. For nonzero constants X^, Xy in Fg, if X^ 7^ A® then 


{Aj,, 7 iA 3;5 72A2;]’ n {Ajy, 7lA2y, 'y2Xy} 0- 

Proof For any i,j G [3], let Aj;7^ G {A^,,7iAa;,72A3,} and A2^7^ G {A^^,7^^^,72A2^}. Since 71 is a root 
of unity of order 3, if Aa;7^ = Xyjl, then (Aa;7^)® = and hence A® = A®, a contradiction. □ 
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